LINEAR ALGEBRA 11 Solution to practice 3.1-3.2
Affine Geometry. (Course 2022-2023)

Note: This is an unrevised, automatic translation from Spanish.

1.— In the space affin R® is considered the canonical reference R and the reference R =
{(1,0,1);(1,1,0),(1,1,1),(1,0,0)}. We denote respectively by (x,y,z) and (x',y’,2") the coordinates
of a point with respect to the references R and R'. Find the equations of the plane v +y—2z2+1=0
at reference R'. The reference change equations are:

x 1 x’/ 1 1 1
y|l=10])+Mce |V |, Mep=11 1 0
z 1 2 01 0

The equation of the plane can be written as:
x
(1 1 -2)|ly|+1=0.

z

We substitute using the reference change equation:

1 x’
(1 1 =2) 0| +Mcp |y +1=0.
1 2!
Operand remains:
I,/
-1+(2 0 )|y |+1=0
ZI
and simplifying:
20+ 2 =0

2.— In the ordinary affiny space and referred to an orthonormal system, the points A(2,—1,1), B(-1,0,3),
the lines

r+1 y—2 =z x
T = =- 51— =
3 1 1’ 1

and the planes P :3x—2y+4z+8=0, @Q:x+5y—6z—4=0.

Y z
2

The lines will be given in continuous form and the planes by their Cartesian equations. It is requested:

(a) Line parallel to r that passes through A. The directing vector is that of r, that is, (3,1,1) and passes
through A(2,—1,1). Therefore its continuous equation is:
r—2
3

=y+1l=2z-1
(b) Line that passes through B and is parallel to P and Q. We must find the intersection of the directions
of the planes P and (). To do this we solve the system:

Jr —2y+4z=0
r+by—62=0



We obtain @ = —8z/17, y = 22z/17 and the direction 6n that we are looking for is therefore the one
determined by the vector (—8,22,17). We can calculate it in another way. We know that (3,—2,4)
and (1,5,—6) are the normal vectors (orthogonal) to the planes P and @ respectively. Therefore, the
direction we are looking for is perpendicular to both and thus corresponds to the vector product:

€1 €y €3
3 -2 4| = —8e; + 22e, + 17e3
1 5 —6

Now the The line we are looking for is:

z+1 y z—3

-8 22 17

Plane parallel to P that passes through A. It has the same direction as P and therefore has the form
3z —2y+4z+2=0
We impose that it pass through the point A(2,—1,1), and we get A = —12. The plane sought is:

3z —2y+42—-12=0

Plane that passes through B and is parallel to r and s. The direction 6n of the plane is generated by
the direction vectors of r and s, that is, (3,1,1) and (1,2, —3). Therefore the normal (perpendicular)
vector of the plane would be the vector product of both:

1 €2 €3
3 1 1| = —5e; + 10e5 + 5eg
1 2 -3

The plane would be of the form
=5+ 10y +52+A=0

If it passes through B(—1,0,3), the result is A = —20, and the plane is
—x+2y+2—-4=0

Another way to calculate it directly is to take the points (z,y, z) in such a way that the vector that
joins them with B is linearly dependent on the direction vectors:

Line perpendicular to Q and passing through A. Since it is perpendicular to @, the directing vector of
the line is the normal to the plane @, that is, (1,5, —6). Therefore, the requested straight line has the
equation:

x—2 y+1 =z-1
1 5 -6




(f)

Plane perpendicular to s and passing through B. The normal vector to the plane we are looking for will
be the direction vector of s, that is, (1,2, —3). The equation of the plane is of the form:

r+2y—3z+A=0
and assuming that B(—1,0,3) is in the plane, A = 10remains:
r+2y—324+10=0
Line that passes through A and is perpendicular to r and to s. If the line is perpendicular to r and

s their direction vector would be the vector product of the direction vectors of r and s. We have
calculated it in (d): (—5,10,5). The equation of the line sought is:

z—2 y+1 =z-1
-5 10 5

Plane perpendicular to P and Q) and passing through B. If the plane is perpendicular to P and () its
direction is generated by the normal vectors to both. The plane sought is then given by the equation:

x+1 y 2z—-3
3 -2 4 |=0<+= 8z +22y+172-59=0
1 5 —6

Plane that contains r and is perpendicular to P. Because it contains r its direction 6n contains the
director vector of r, (3,1,1). Besides being perpendicular to P, its direction also contains the normal
vector to P, (3,—2,4). Finally we take any point of r that will also be in the plane we are looking for.
For example (—1,2,0). Now the requested equation is:

z+1 y—2 =z
3 1 1|=0<«= 6x—99y—92+24=0 <= 2xr—3y—32+8=0
3 -2 4

Line that contains B, is parallel to Q) and intersects r. We will take a plane 7 parallel to () and passing
through B. The straight line we are looking for will pass through B and through the intersection point
of r and 7. First we calculate 7:

r+5y—6z4+A=0

Assuming that it passes through B, A = 19. We now intersect such a plane with r. A point of r is of
the form (—1 + 3u,2 + u, ). You have to verify the equation of the plane 7:

(=1+3u)+52+p)—6p+19=0

We obtain g = —14 and the intersection point of r and 7 is (—43,—12,—14). Now the requested line
is the one that joins this point with B:
z+1 Y z—3 z+1 gy z—3

"B+l 12 “14-3 S —@2 " "12” —17

Line parallel to the direction given by v(1,1,2) and that intersects the lines r and s. A point of r has
the form (—1 4+ 3a,2 + a, a) and one of s of the form (b, 2b, —3b). We must fix two points so that the
vector that joins them is parallel to (1, 1, 2):

—1+3a—b72+a72bia+3b
1 o 1 2

from where a = 17/15 and b = 11/15. Therefore, the line we are looking for passes through the point
(11/15,22/15,—33/15) and its equation is:

x—11/15  y—22/15  z—33/15
1 o 1 o 2




Another way to find this line is to consider the plane 7 defined by the direction ¥ and the line . Then
we intersect said planes with s and we will have a point on the line we are looking for. So the equation
of the plane 7 is:

z+1 y—2 =z
1 1 2=0<+= —a2+5y—2z—-11=0
3 1 1

Compute the intersection with s; we take a point of said straight line (b,2b,—3b). We intersect with
the plane:
—b+10b+6b—11=0 = b=11/15

we see that we obtain the previously calculated point again. Now that a point and the direction are
known, the equation of the line we are looking for is immediate.

Line that passes through A, intersects s and is perpendicular to r. The lines that pass through A and
are perpendicular to r, are ’an in the plane that passes through A and is perpendicular to r. Said plane
has as normal vector the director of r, (3,1,1). So your equation would be:

3x+y+z+A=0

Assuming that A(2,—1,1) verify the equation, we obtain A = —6. Now, since the straight line we are
looking for has to intersect s, we calculate the intersection of s with this plane. A point in s is of the
form (a,2a, —3a). Substituting in the equation of the plane:

3a+2a—3a—6=0

we see that a = 3. Therefore, the line we are looking for is the one that joins the points A(2,—1,1)
and (3,6, —9):

r—2 y+1 z-1 <:>x_2_y+1_z—1
3—2 641 -9-1 o7 T =10

Plane perpendicular to P, parallel to r and passing through A. The direction vectors of the plane we are
looking for are the normal to P, (3,—2,4) and the principal of r, (3,1,1). Furthermore, it must pass
through A(2,—1,1). Therefore, the requested equation is given by the cancellation of the determinant:

r—2 y+1 z-1
3 -2 4 |=0+<+= —62+9y+92+12=0 <= 2z -3y—32—4=0
3 1 1

Distances from A to B, from A to r, from B to P and from r to s . The distance from A to B is
obtained directly:

dAB) =/ ((1- 2P+ 0+ 1P+ B- 12 =VI

The distance from A to r is obtained by the formula:

|AC A
e

where C' is a point of r and v its direction vector. In this case, C'(—1,2,0), ©(3,1,1).

(-3,3,-1)A(3,1,1)]]  4V13 4143
13,1, 1)) Vi 1

Observation: If we do not remember the formula, we you can calculate the plane perpendicular to r
passing through A. The intersection of said plane with r gives us a point M, which is the projection
of A onto r. The requested distance is the distance between A and M. The distance from B to P is
given by the expression:

d(A,r) = I

3:-(-1)—2-0+4-3+8 17  17V29

324 (—2)2 + 42 - V29 - 29

d(B,P) =




Observation: Again if we want to reduce the calculation to the distance between two points, we find the
intersection point of the line perpendicular to the plane and that passes through B with the plane P .
Finally, to calculate the distance between r and s, we find the intersection point of the perpendicular
to both with one of the lines. We saw in section (p) that the cut point with s is (7/30,7/15,—7/10).
Now the requested distance is from this point to the line r:

dr.s) = 1(7/304+1,7/15 = 2,=7/10) A (3,1,1)|| _ 5V66/6 _ 56
’ 1(3,1,1)] Vi~ 6
Another way is to directly use the formula:
d(r S) _ |[(_1a 2) 0) _ (07 070)7 (Sa 17 1)7 (1a 27 _3)” _ 5\/6
, B “(33171)/\(1727 _3)H B 6

Angles formed by r and s, by s and @Q and by P and Q. The angle formed by r and s is the angle
formed by their directions:

— |((37171)(172;_3))| _ 2
13, LD 2, =3)  V11v14

The angle formed by s and @ is the complement of the one formed by the normal direction to @ and
the address of s. Therefore:

cos(a(r, s)) a(r,s) = 80,72°

; _ |((1727_3)(1a5a_6))‘ o 29
sin(a(s Q) = 103 L5 6 ~ vilve

The angle formed by P and @ is the one formed by their normal directions:

— |((3’_274)(1’5v_6))‘ _ 31
G =2,401(1,5,-6)  v29v62

a(s, Q) = 79.84°

cos(a(P,Q)) a(P,Q) = 43,02°

In the space affin give the equationdn of a line passing through the point P = (1,0,1) and cutting

perpendicular to the line:
y+z=4
s=
z+3y=11

Also find the distance between P and s. We will calculate the plane 7 perpendicular to s and passing
through the point P, which contains the line sought. Then we find Q = 7N S and finally the ideal line
is the line PQ. The parametric equations of s, solving the system formed by its implicit equations are:

r=—-143t y=4—-t, =z=1t.

Therefore the direction vector of s is us = (3,—1,1) and a plane perpendicular to it is of the form
3x —y+ z+d=0. We impose that it passes through P = (1,0,1),3-1 -0+ 1+ d = 0, from where ,
d=—4and 7 =3x —y+ z — 4 =0. Now to find @ = 7N S we substitute the parametric equations of
S in the plane 7:

3(—143)—(d—t)+t—4=0 = 11t—11=0 < t=1.

Then Q =(—1+3-1,4—1,1) = (2,3,1). The requested line is the line PQ:

z—1 3r—y—3=0
<
1-1 z—1=0

x—1 y-—
2-1 3-

07
==

The distance from point P to line s is precisely the distance between points P and Q:

d(P,s) =d(P,Q) = /EZ—1)2+ (3— 02+ (1 1) = V/I0.




3.— In the affin space R® an isdsceles triangle ABC' with inequal angle in the vertices C. It is known that

(i)

~—

r+y+z=1, A= (2,-1,0), B = (0, —1,2)iscontainedintheplaneofequation and has an area of 4v/3.

Calculate the coordinates of vertex C. ,(1 point) Since the tridngle is isésceles with inequal angle in C,
this belongs to bisector 7 of side AB. This is the line that passes through the midpoint M of A and B,
is perpendicular to AB and is contained in the given plane. Also h = ||[MC|| satisfies:

AB|| - h 2.0,2)] -
m@:ama:” ;\ :H(ﬂém h h— 26,

Therefore, if ¥/ is the director vector of perpendicular bisector 7, the point C can be obtained by adding
to M a vector in the direction of ¥ and the same sense or the opposite and module h:

- -
v,

C=M+h oC’th”ZT”.

151

Let’s go with the calculations. The midpoint M is:

A+B  (2,—-1,0)4(0,-1,2)

M =
2 2

=(1,-1,1)

The vector ¢ director of the bisector is a vector (a, b, ¢) fulfilling: i) It is perpendicular to AB = BA =
(—2,0,2):
(a,b,c)-(=2,0,2) =0 <= —2a+4+2c=0 <= ac=0

ii ) is in the plane x 4+ y + z = 1. It is perpendicular to its normal vector (1,1, 1):
(a,b,¢)-(1,1,1)=0 <= a+b+c=0

Solving the system formed by the two equations yields a = ¢, b = —2a. Taking a = 1 we can choose
v =(1,-2,1). So a possible solution for C is:

v (1,-2,1)
C=M+h—=(1,-1,1)+2V/6———— = (3,-5,3)
171l (1, =2, 1)
Another seriesia:
i (1,-2,1)
C=Mh—=(1,-1,1) - 26— = (—1,3,-1)
19| (1, =2, 1)

Calculate the volume of the triangular pyramid that has as its base the tri dangle ABC and vertex the
origin. (0.5 points) The volume is the &rea of the base (which is a given value) times the height H
of the pyramid divided by three. The height is the distance from the vertex (0,0,0) to the plane that
contains the base, that is, to the plane x +y 4+ z — 1 = 0. We use the formula for the distance from a

point to a plane:
_0+0+0-1] 1

H= — — -
[(1,1,1)]] V3
Then: 1
443 —
Vol:base~H: ﬁ:g

3 3 3



(iii)

Find the equations of a symmetry with respect to a line that transforms point A into point B and leaves
C' fized. (1 point) The line of symmetry has to be precisely the bisector of the segment A and B that
passes through C'. We saw in section (i) that it is the line that passes through M = (1,—1,1) and has
a directing vector ¢ = (1,—2,1). Then the equations of symmetry are f(P) = M + t(PM) where t is
the symmetry with respect to the vector line generated by ¥y M is a fixed point of the transformation;
matrix:

T 1 rz—1
flyvyl=1-1|+Tc|y+1
z 1 z—1

where T is the matrix of symmetry with respect to the subspace £{(1,—2,1)}. We calculate this
matrix. We build a base B with the vector that generates the line of symmetry and two other
perpendiculars to it; that is, two independent vectors fulfilling:

(z,9,2)-(1,-2,1) =0 <<= zx—2y+2z=0.

For example:
B={(1,-2,1),(1,0,-1),(1,1,1)}

In this base the symmetry matrixia is:

1 0 O
Ts=(0 -1 0
0 0 -1
We make the base change:
1 11
Te = McpTpMgp, where Mcp = | -2 0 1
1 -1 1
Operand remains:
1(72 —2 1
Te = 3 -2 1 -2
1 -2 -2
And the equation of symmetry is:
x 1 1 -2 -2 1 z—1
flyl=1|-11]+ 3 —2 1 -2 y+1
z 1 1 -2 =2 z—1

In space afin R is considered a scalar product whose Gram matriz with respect to the canonical base
18:

10
Ge = 2 1
12

o O ==

Calculate the distance between the point (—4,1,0) and the line r of equations:

r+y—z=1
=
T—y+z=3
Although we know that there is a direct formula to find the distance from a point to a plane in space,
it is not advisable to use it because it uses the vector product and the usual calculation method of the
same it is not valid under scalar products other than the usual one. Then, to calculate the distance, we

will directly find a point @ on the line r so that the vector that joins it with P = (—4,1,0) is orthogonal
to the line. In that case we know that d(P,r) = d(P, Q). We begin by finding the parametric equations



of the line by solving the system formed by its two implicit equations as a function of a parameter.
Adding them together we get x = 2 and after the first y = z — 1. We are left with:

r=2, y=A—-1, z=A\

We also see that the direction vector of the line is (0,1,1). Now a point @ on the line would be:
Q=2 -1,)
We impose that PQ be orthogonal to (0,1, 1):

PQ=QP=(6,A\—2,))

0=PQ-(0,1,1) = (6, A —2,\)Gc(0,1,1)" =6
We deduce that A = 0 and:

d(P,r) = d(P,Q) = ||PQ|| = [|(6, —2,~0)|| = /(6, =2,0)Gc(6, ~2,0) = V20 = 2/5.

In plane afin euclideo R? let A B,C
be the vertices of an equilateral triangle located in the half-plane y > 0, with A = (0,0) and B = (2,1).

\
\

2

-~ O
-~
td
Je ;
vy)

Calculate the coordinates of C. Let (a,b) the coordinates of C. Since it is an equilateral triangle, it

must be true that:
d(A,B) =d(A,C) =d(B,C)

‘Where:

d(A,B)=+/(2-02+(1-02=5
d(A,C) =+/(a—0)2+ (b—0)2 = Va2 + b2
dB,C)=/(a—22+ (b—12=+a2+b>—4a—2b+5

Equating distances and squaring we obtain the equations:

a>+v* =5
a?+b—4a—20+5=5

Subtracting 4a + 2b = 5, that is, b = (5 — 4a)/2. Substituting into the first equation:
5—4a\’
2
=5
a” + < 5 >

40> — 8a+1=0

Operating and simplifying:



where a = 1+ ?; Using that b = (5 — 4a)/2, we get two possible solutions:

C=(01+V3/2,1/2—-V3) o  C=(1-+3/2,1/2+3).
As the triangle must be in the half plane y > 0 the only possibility is:

C=(1-+3/2,1/2+V3).

Find the equations of a symmetry with respect to a line that has vertex A in B. The axis of symmetry
is the bisector of a point and its image, that is, the line that passes through the midpoint of both and is
orthogonal to the segment that joins them. To find the equations of symmetry we first need any point
on the axis. We can take the midpoint of A and B:

A+ B

M= =(2,1/2).

1(0)= () e ()

where T¢ is the matrix of the orthogonal transformation corresponding to a symmetry with respect to
the subspace generated by the director vector of the axis @ To compute T we first work on an auxiliary
basis B = {u, U} where ¥ is orthogonal to @. As we have indicated at the beginning, a vector orthogonal
to the axis is the vector AB = (2,1) = ¥. We impose that @ = (z,y) is perpendicular to ¥:

The equations are then:

(,9) (2,1)=0 <= 22+y=0 < y=—-2z

We take z = 1 and y = —2, that is, ¥ = (1,—2). In the base B = {(1,-2),(2,1)} the symmetry

matrixia is:
1 0
=5 1)

We change the base to the canonical one:

To = McpTpMg g, where Mop = (_1 2)

1/-3 —4
re=5 (5 75

and finally the equations of symmetry:
x 2 1 /-3 —4 x—2
()= () s (5 ) ()

In the Euclidean affin plane find the equations of a symmetry?l What does the line x = 0 lead to in the
line 3z + 4y — 4 = 0. ;Is the solution unique?. The axis of symmetry is equidistant from the original
line and its symmetry. Equivalently it is any of the two bisectors of the two dngles that these determine.
So it is clear that there are two possible solutions. To find the bisectors we equate the distances from
an arbitrary point to both lines:

Operand results in:

lz] 3z 44y — 4]

VIZH02 V3242

Simplifying:
5\z| = |3z + 4y — 4]



from where either:
Sr=3r+4y—4 < 2xr—4y+4=0 <= x—2y+2=0,

or:
—Sr=3r4+4y—4=0 <<= 8xr+4y—4=0 < 22 +y—-1=0.

Let us calculate, for example, the equations of symmetry with respect to the line 2z +y — 1 = 0.
We choose any point of the same (verifying the equation that defines it) for example P = (0,1). The
equations of symmetryia are then:

(5)=(0)+=(,7)

where T'c is the symmetry matrix. To find the matrix we take a base B where the first vector is the
director of the axis of symmetry and the second is orthogonal to it. The normal vector of the axis is
(2,1) and therefore the director (1, —2). We then consider the base B:

B={(1,-2),(2,1)}
Tp = ((1) (1)> :

To = MepTp(Mcp) ™)

In this base we know that:

We pass it to the canonical base:

where Mcp = (_; ?) Operand results in:

n (3 L)

Finally, the equation of symmetry is:

()= ()+ 5 755G

9.— In the space affin euclideo TR let the tetrahedron of wvertices A = (0,0,0), B =

(1,1,0), ¢ = (0,0,1) and D = (1,0,-1). Calculate its drea and its wvolume.

By default we work with the usual scalar product. In this case we know that the volume of the tetradron
defined by three vectors is given by:

1oe 1|1
Vol = ~|[AB, AC, AD]| = = || 0
6 6|



The drea is the sum of the areas of each of the four faces. These are triangles. We will use that the

1
drea of a triangle given by two vectors @ and ¥ is §||ﬁ x ]| . Face ABC:

€1 € €3
ABxAC=|1 1 0|=¢é& —&=(1,-1,0).
0 0 1
Y 1 1 1
arca(ABC) = Z[(1,~1,0)] = 5/TF 4 ((F 10 = V3.
Face ABD:
€ € €3
ABxAD=|1 1 0|=-é+& —&=(-1,1,-1)
1 0 -1
Y 1 1 1
area(ABD) = H|(~1.1,-D) = £/ F (0P F (17 = 2V3.
Face ACD:
€1 € €3
ACxAD =0 0 1|=é&=(0,1,0).
1 0 -1
and ) )
area(ACD) = 5”(0, 1,0)]| = 3
Face BCD:
€1 € €3
BCOxBD=|-1 -1 1|=28 —é&+¢=(2,-1,1).
0 -1 -1
Y 1 1 1
rea(BCD) = L2, ~1.1)) = /@ F P F (17 = 1V
The fotal area is: L
5(\/§+ V3+1+6).

10.— In the space affin R? we consider the points A = (0,0), B = (8,6).

(i) Calculate the implicit equation of the locus of points in the plane C' that make AB the hypotenuse of a
right triangle ABC. (0.9 points) Let C = (z,y) be the coordinates of point C. For the triangle ABC
to be a right angle with hypotenuse AB, the vectors AC and BC must be orthogonal:

AC-BC =0 < (2—0,y—0)-(z—8,y—6) =0 < 2> —8x+1>—6y =0 < (z—4)>+(y—3)? =52

It is a circle with center (4, 3) and radius 5.

(ii) If P = (4,14/3) is the centroid
of one of the triangles indicated in the previous section, find its drea and perimeter. (0.9 points)




AB

(iii)

11.—

The centroid is the intersection of the medians, that is, the lines that join each vertex with the point
middle of the opposite side. The midpoint of side AB is:

M

_A+B _(0,0)+(8,6)
o B 2

. = (4,3).

The vertex C belongs to the median M P and therefore we can find it as the intersection of such line
and the locus calculated in 1. The straight line M P has the equation x — 4 = 0. We substitute in the
equation of the conic y:

(4—4)>%+(y—3°=25 = y=3+5

Given that the centroid is ’a in the upper half-plane y > 0 and asi C' = (4,3 +5) = (4, 8). So the sides
of the triangle measure:

=V(8-02+(6-02=10, AC=+/(4—02+(8-02=4V5 BC=+/(8—4)2+(6—8)2=2V5.

From where:
perimeter = AB + AC + BC = 10+ 6v/5

and since the area is a rectangle:

AC-BC _

20.
2

area =

Find the equations of a dilation that takes point A to point B and point B to point A. (0.7 points) Given
Since the dilation interchanges the points A and B, the length of the segment AB remains invariant.
Therefore the reason has to satisfy |k| = 1. Since the dilation is not the identity, &k = —1. If @ is the
center, the following must be true:

A+B

B=f(A)=Q-1(4Q) = 20Q=4+B = Q="

M = (4,3).
It is then a dilation of center (4,3) and ratio —1. Its equations are:

f(@y) = (4,3) = ((z,y) = (4,3)) = 8 — 2,6 — ).

In the affin space we consider a reqular pyramid with a square base. We denote by A, B,C, D the four
vertices of the base and by E the upper vertex. Knowing that the base is contained in the plane z = 0,
that A = (0,0,0) and C = (4,2,0) are opposite vertices of the base and that the height of the pyramid
is b calculate:

The coordinates of the three remaining vertices. The length of the diagonal d of the square is the
distance between A and C":

d=d(A,C)=+/(4—0)2+(2-0)2+(0-0)2=+20.

By the Pitdgoras Theorem the side [ of the square satisfies:

P+PP=d® = ZZE:\/E.

The vertices B and D are distant from C and A by the distance {. Furthermore, by estra in the plane
z = 0 they are of the form (a,b,0). Therefore we set the equations:

d(B,A) =V10 <= /(a— 02+ (b—0)2+(0-0)2=v10 < a>+b>=10
d(B,C)=v10 <= /(a—42+(b-2)2+(0-02=V10 <= a* - 8a+16+b* —4b+4 =10
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Subtracting the equations:
8a+4b=20 = b=5—-2a

Substituting in a? + b = 10:

>+ (5—-2a)> =10 <= 50> —20a+15=0 <= a* —4a+3=0 <—

4V 12

<— a=16a=3.
2 a oa

— a

Ifa=1thenb=5-2-1=3andifa =3 thenb=5-2-3=—1. The vertices B and D are B = (1, 3,0)
and D = (3,—1,0). The vertex E is on the midpoint M of the base, which is the midpoint of A and D
and at height 5:

M:A+C

= (2,1,0).
Given that the vector (0,0, 1) is unitary and perpendicular to the base
E=M+5(0,0,1) = (2,1, 45).

(there are two possible solutions for vertex F).

The volume of the pyramid. The volume of a pyramid is:

B bHase area - height P h_10-5 50

v 3 3 3 3

In the plane affin let be the points A(—1,0) and P(1,0). Calculate the implicit equation of
the locus of points B in the plane such that AB is one of the equal sides of an isosceles
triangle whose orthocenter is P.  ;What kind of curve is it?.+ There are two possible in-
terpretations: - The equal sides are AB and AC, and therefore the tinequal angle is A:
B

]

In an isosceles triangle, the line that joins the vertex of the unequal angle with the orthocenter is an
axis of symmetry. In our case, such a straight line, the one that joins A and P, is the OX axis. If B has
coordinates (x,y) its symmetric with respect to the axis OX is the point C, (z, —y), so that the three
vertices of the triangle are ABC. For P to be the orthocenter, the side AC must be perpendicular to
the height of the vertex B, that is, to the vecotr BP. Therefore:

AC-BP=0
that is:
(x—(=1),~y—0)-1-2,0-9y)=0 <= (1+2)1—-2)+y*=0 <= 22 —y* =1

We see that the equation of the requested locus corresponds to the hipérbola:

22 —y? =1.



- The equal sides are AB and BC and therefore the tnequal angle B:

-2 4

The height on the side BC'is the line that joins A with the orthocenter; therefore BC' is perpendicular
to the axis OX. Thus{ if B has coordinates (x,y) then C has coordinates (x,y’). Since the distance
AB is the same as BC"

(+1)°+y=(w?) <= (@+1)>=y?-2yy

On the other hand, the line BP has to be perpendicular to the side AC, that is:

AC-BP=0 < (z—(=1),—y—0)-(1—2,0—¢) =0 < (1+z)(1—2)+yy =0 < 2> —1+yy' =0

14.—

Solving ¢ in the second equation and substituting in the first one we have:

- 2_(1—952)2_ _p2
(x+1)* = 7 2(1 )
Dividing by « + 1: ,
(z+1)= (33—1y)2(93—1)+2(x_1)

Removing denominators and simplifying we obtain
-2 —x+1—ay?—3y2 =0,

which is the equation of a clocate.

In the plane affin consider the circumference c : (x — 3)% +y* = 32 and the line r : y — 3 = 0. For each
line h passing through the origin, let A be the point of intersection (other than the origin) of ¢ and h
and B be the point of intersection of r and h. Calculate the implicit equation of the locus of points of
intersection of the parallel to the OX axis by A and the parallel to the OY axis by B. The circle has
center (3,0) and radius 3; the simplified equation is: x? — 6z + 3> = 0. We take an arbitrary line h
passing through the origin = = ay (we note that the line ¥ = 0 need not be considered because it does
not intersect r). We find the cut point between ¢ and h.

0=2%—6z+y°
r = ay

Remains:
a’y? —6ay +y* =0 <= y((1 +a*)y —6a) =0
6a

Tr a2 We are left with the different cut from the origin. Since z = ay is:
a

from where y =06 y =

_ 6a? 6a
T \14a2’14a2 )"

0=y—3
T =ay

Now we cut r and h:
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(i)

Area(ABC) =

Remains:

B = (3a,3).
6
Parallel to the OX axis through A is y = T +a 5. Parallel to the OY axis through B is = 3a. And
a
the intersection of both: 6
a
S

which are the parametric equations of the locus. To find the implicit one, we clear the parameter a in

the first one and we substitute in the second one. It remains:
2x 18x

2
= = Y= 5 9y — 18z = 0.
YT 14 (@/3)? YT 249 yrm 49y — 18w

In the Euclidean affinity space and with respect to the canonical reference, the points A = (1,0,0) and
B =(1,2,2).

Find the locus of points that are equidistant from A and B. Method I: A point P = (z,y, z) equidistant
from A and B if:
d(P,A) =d(P,B) <= \/(z—1)2+y2+22=/(z —1)2 + (y — 2)2 + (z — 2)?
Squaring and operating results in:
2?24+ 1492+22 =2 — 2+ 1+ —dy+4+22—42+4

Simplifying we obtain the plane of equation:
y+2—2=0.
Method II: The points that are equidistant from two dice in space are those that lie on the bisector

plane; that is, the plane that passes through the midpoint and is perpendicular to the segment that
joins them. We have:

A+ B
M= JQF — (1,1,1).

The vector AB = (0,2,2) is perpendicular to the searched plane. Equivalently the vector (0, 1,1) is the
normal vector of such a plane. Therefore this is of the form:
y+ z+d=0.Weimpose
to pass through M:
1+14d=0 = d=-2.

Thusi the requested locus is:
y+2—2=0.

Find the coordinates of a point C' in the plane z = 2, such that the triangle ABC' is isosceles with AB

the unequal side and have drea 2v/3. ;Is the solution unique?. Being in the plane z = 2, the point

has the form C = (a,b,2). Now to form an isosceles triangle with AB, equidistant from A and B and

therefore it is in the geometric place found in the previous section:

b+2-2=0=0b=0.

That is, C' = (a,0,2). Finally Area(ABC) = 2v/3. But:

base-h _ |AB|||MC|  VO0Z+22+22\/(a—1)% + (—1)2 + 12
2 2 B 2

Equating Area(ABC) = 2+/3 is:

2V3=12((a—1)2+2) = 6=(a—1)%*+2 = (a—12=4 = (a—1)2==2

We see that there are two solutions (the solution ’on is therefore not inique):

=/2((a—1)2+2)

a=36a=-1.

That is:
C=(3,0,2) 6 C=(-1,0,2).



