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2. Spanning sets. Linear independence.
Bases.

1 Linear combinations of vectors.

1.1 Linear combination.

Definition 1.1 Let V be a vector space over IK. A linear combination of a set
of vectors {T1,...,Tn} is any vector of the form:

J=a'ZTi+...+a" "%, with o,...,a" € K.

1.2 Linear span.

Definition 1.2 Let V be a vector space over IK. Given a subset A C V the linear
span of A is the set of vectors that are linear combinations of elements of A:

L{A} = (A) =D _a'Ti|a’ € K, T; € A}

The set A is called generating set or spanning set of L{A}. If L{A} =V the
set A is called spanning set or generating set of the vector space.

Let us see an equivalent definition of linear span:

Proposition 1.3 Let V' be a vector space over IK and A a subset V. The linear
span of A is the smallest linear subspace that contains the set A.

Proof: First, let us see L{A} is a vector subspace. It is sufficient to note that
0 € £{A} and if 7,7 are linear combinatios of elements of A, then o + 37 is a linear
combination of elements of A for any «, 8 € K.

On the other hand, it is clear that A C L{A}.
Finally, let us see that any subspace S C A satisfies L{A} C S. If v € L{A}:

v=Aa +...+\"a, with ae€ACS.

Since S is a vector subspace, all linear combinations of elements of S remain in S.
Therefore, v € S. [ |

From the definition and this proposition we deduce some properties:

1. AcB = L{A} C L{B}.
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2. Te L{A} = L{AU{z}}=L{A}.
Proof: Note that
Ac Aui{z} = L{A}cCcL{AU{z}},

and L{A} is a vector subspace containing AU {Z}.
3. L{L{A}} = L{A}.
Proof: This follows from the fact that £{A} is the smallest subspace containing
L{A}.
4. Any vector subspace is the linear span of some set.
Proof: Note that S is the smallest subspace containing S, so L{S} = S.

1.3 Equivalent sets of vectors.
Definition 1.4 Let V' be a vector space over IK. Two subsets A, B of Vare called
equivalent if they span the same linear subspace:
A, B equivalent <— L{A} = L{B}.

Proposition 1.5 Two sets A and B are equivalent if and only if A C L{B} and
B C L{A}.
Proof:

—:

If A, B are equivalent, £L{A} = L{B} and from this A C £{B} and B C L{A}.

—:

Suppose that A C L{B} and B C L{A}. Then:

ACL{B} = C{A}C L{L{B}}=L{B).
Bc L{A} = r£{B}c £{L{A}} = £{A}.

2 Linear dependence and linear independence
of vectors.

Definition 2.1 A set of vectors {Z1,...,Tn} is said to be linearly independent

if:
a'Ti4... 42", =0 = a'=...=a"=0.

In other case we will say that they are linearly dependent.

Proposition 2.2 A set of vectors {Z1,...,Tn} is linearly dependent if and only if
one of the vectors is a linear combination of the others.
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Proof:
=
Suppose they are linearly dependent. Then there is a linear combination:
a'ZTi4 ... +a"F, =0
with some o' # 0. This expression can be written as:

Ofl n
Tig = —T1+...+—7Tn
Qo o

term 49 does not appear

and we see that Z;, is a linear combination of the others.

<=. Suppose that one of the vectors in the set, say Z;,, is a linear combination
of the others. Then:

Tip = a'Ti+...+a" ", = a'Zi+... T, +...+a"T, =0
—_————
term ip does not appear
with a’© = —1 # 0 and hence {Z1,...,Z,} are linearly dependent. ]

Remark 2.3 From the definition and this proposition we deduce some properties::

1. Any set of vectors that contains the vector 0 is dependent.
The empty set is considered independent.

8. If we remove a wvector from a linearly independent set, the set we obtain is
independent.

4. If we add a vector T to a linearly independent set, such that T is not a linear
combination of the vectors in the set, then the new set is independent.

Proof: Suppose {Z1,...,Zn} are independent; we add the vector . If the new
set were linearly dependent

A+ AT 4+ ..+ A"E, =0

with some A or A* not null. Since the initial set is independent, necessarily
A # 0. We obtain:

~ A A"

T=—"F1—...— —n

A A

and therefore Z would be a linear combination of the initial set.
5. If we add a vector to a dependent set, the new set is still dependent.

6. If A is a infinite set, we say that is independent when all its finite
subsets are independent.
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3 Bases, dimension and coordinates.

3.1 Bases and dimension.

Definition 3.1 Given a vector space V', a ordered set of vectors B = {Z1,...,ZTn}
is said to be a basis when it is an independent set and it spans V.

Remark 3.2 One can define bases with a infinite number of vectors. Howewver,
through this course we will only work with finite bases.

Proposition 3.3 Let V be a vector space. If A ={Z1,...,Tn} is a spanning set of
V', then A contains a basis of V.

Proof: If A is an independent set we are done.
If not, one of the vectors in A, say Z;,, is a linear combination of the others. Then:
Tig € LAT1, .- Tig—1, Tig41s---,Tn}
By the properties of the spanning set:
,In} = L{A}

L{T1,. ., Tig—1,Tipt1,---

Now, the set {Z1,...,Tig—1,Ti,+1,--.,ZTn} is a spanning set of V. If A is independent
we are done. In other case, we repeat the previous argument and we obtain a new
spanning set with one less vector. Since there are a finite number of vectors in A,
eventually the process will end and we will obtain a basis. |

Remark 3.4 This result is also true if A is an infinite set, but the proof is more
delicate.

Theorem 3.5 (Steinitz Theorem ) Let V be a wvector space. Let A =
{@1,...,am} be an independent set and let B = {b1,...,b,} be a basis. Then m <n
and there are m vectors of B which can be replaced with those of A to obtain a new
basis.

Proof: If A = () the result is trivial. Hence assume that A # (). Because A is an
independent set, all the vectors of A are not zero. Since B is a basis:

1 = a'by +...+ a”by,, with = K, and some a0 #0

For simplicity, we will suppose 7o = 1. Then:
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Applying Proposition 1.5, we see that the sets {b1,...,b,} and {@1,b2,...,b,} are
equivalent and therefore

5{61,52,..471_7”} Z,C{l_)h...,l_)n} =V

Moreover, a; cannot be a linear combination of l_)g, cee b, because inithat case b1
would be too, and B would not be independent. We deduce that {a@i,b2,...,b,} is
independent, and hence a basis of V.

If m = 1 we are done. In other case, we repeat the process. Now we have:
Gs = B'ar + B%b2 ... + a"b,, with 8° € K, and some 8% #0

with 49 > 1 because A is independent. We suppose that 82 # 0 and repeat the
previous argument.

We will obtain that {@1,az,bs,...,bs} is a basis of V.

We repeat this process until we finish with the m vectors of A. We note that it
cannot happen that m > n, since in the n-th step we would obtain that A is a basis
of V, and therefore a,+1 would be a linear combination of other elements of A, thus
contradicting the hypothesis that they are independent. |

This Theorem has important consequences:

1. All bases of a vector space with a finite spanning set have the same
number of elements.
Proof: Given two finite bases B and B’, with m and n vectors respectively,
we can apply Steinitz’s Theorem in two ways. Taking B as the independent set
and B’ as the basis, we obtain m < n; taking B’ as the independent set and B
as the basis, we obtain n < m. We deduce that n = m.

2. A vector space with a finite spanning set is said to be finite dimensional:

The number of elements of a basis of a
vector space is called the dimension of the vector space.

3. A vector space without any finite spanning set is said to have infinite dimension.

4. Any linearly independent set A can be completed to a basis, by choosing suitable
vectors from any basis B.

5. Any linearly independent set with n vectors in a vector space of
dimension n is actually a basis.

6. Any spanning set with n vectors in a vector space of dimension n is
a basis.

3.2 Coordinates with respect to a basis.

Definition 3.6 Let V be a finite dimensional vector space and B = {€1,...,én} a
basis of V. Given any vector T € V we call coordinates of T with respect to the

basis B the scalars (z*,...,x™) satisfying

_ 1_ _
T=xé€ +...+a"e,.

Let us see that this definition makes sense.

Fist of all, since B is a basis, it is a spanning set and thus any vector & € V
can be written as a linear combination of the elements of B. Therefore, the scalars
(z',...,z") satisfying the required condition exist.

On the other hand, let us see that the coordinates of a vector with respect
to a basis are unique. Suppose that both (z',...,2™) and (y',...,y™) satisfy the
definition, that is:

e+ trte,=r=y'ei .. . +y'en = (@ —ya+... .+ @ —y")E. =0.

Because B is a basis, its vectors are linearly independent and we deduce that:

1 1 n n

r =y, ..., "=y = (ml,...,xn):(yl,...,y").

It is important to note that the coordinates of a vector depend on the order of the
vectors in the basis.

3.3 Isomorphism between IK" and any vector space of
dimension n.

Given any vector space V over IK and a basis B = {é1,...,ér} of V, we can define
the following bijective function which takes each vector to its coordinates:
Vv — K"
z — (zh2%...,2") where T = 2'€1 + ... + z"ép.
It is well defined because, as we have seen, every vector of V' is uniquely expressed
as a linear combination of the elements of B.

It is injective, because

(2%, 2" =@y ... y") = zla+... +a"e.=yler+... +yen.

It is surjective, because given (z',22,...,2™) € K" there exists Z € V with:

Moreover this function preserves the operations of V' and IK", that is:
- coordinates of (Z + g) =coordinates of T+coordinates of 7.
- coordinates of AT = A- coordinates of Z.

This means that working on a vector space V of dimension n is equivalent
to working on the vector space IK" provided we have fixed a basis of V.
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3.4 Canonical bases.

Intuitively, canonical bases are the simplest bases of certain vector spaces. Let us
see the most common of them:

1. In IK" the canonical basis is

{(1,0,...,0),(0,1,...,0),...,(0,0,...,1)}.
These vectors are usually denoted by {é1,é2,...,8xn}.
2. In the vector space of polynomials of degree at most n with coefficients in IK,
P (IK), the canonical basis is {1,z,22,...,z"}.

3. In the vector space of matrices M, xn»(IK) the canonical basis is formed by all
the matrices that have one entry equal to 1 and all the others are Os. They are
usually ordered first by row index and then by column index of the non-null
entry. For example in M2y 3(IK) the canonical base is:

1 0 0 01 0 0 0 1 0 0 O 0 0 O 0 0 0
o0 0/)’\0 0 0)’\0 0 0/)’\1 0 0/’\0 1 0/’\0 O 1)/~
4. In the vector space of symmetric matrices S, x» (IK) the canonical basis is formed
by all the matrices that have an 1 somewhere on the diagonal and the remaining
entries are zeros, or two elements equal to 1 on symmetrical positions with re-

spect to the diagonal and zeros on the remaining ones. For example in S3x3(IK)
the canonical basis is:

100 010 0 0 1 00 0 00 0 00 0
o0o0oo0),{[10o0),{looo]),[o1o0o]),{oo0o1]),{[0o 00
00 0 00 0 100 00 0 010 00 1

4 Rank of a set of vectors.

Definition 4.1 Let V be a vector space and A = {Z1,...,Tm} a set of vectors of V.
The rank of A is the dimension of the subspace spanned by A or, equivalently the
number of independent vectors of A.

Theorem 4.2 Let V be a vector space, A = {Z1,...,Tm} a set of vectors of V and

B = {é1,...,én} a basis of V. Suppose that the coordinates of the vector T; are
(AL,..., D). We consider the matriz M formed by these coordinates:

ALA A,

A2N2 LN,

M = . .

AT AS A

) T

T1 T2 Tm
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Then
rank(A) = rank(M).

Proof: Recall that the rank of M is the highest order of a nonzero minor of A. Also,
the rank of a matrix does not change if we perform elementary column operations on
it. On the other hand, due to the properties of the linear span, the space spanned
by any given set of vectors does not change if we replace a vector of A by the same
vector added to a linear combination of the remaining ones, or if we multiply a vector
of A by a scalar, or if we change the order of the vectors in A.

In this way we can do elementary column operations on M until we get a reduced
form M’. The columns of M’ correspond to the coordinates with respect to the base
B of m vectors A’ = {z1,..., Zn} which form a set equivalent to A. So:

rank(A) = rank(A"), rank(M) = rank(M’).

We know that the rank of M’ is the number of nonzero columns in the matrix;
on the other hand, the non-null vectors of A’ are linearly independent, in other case
one of them would be a linear combination of the others and we could do column
operations on M’ resulting in one more null row. But M’ is already the reduced
form. From this:

rank(A’) = number of non-zero vectors in A’
= number of non-zero columns of M’ = rank(M').

Corollary 4.3 The determinant of a square matriz T is null if and only if one of
its columns is a linear combination of the others.

Proof: Fix T € Myuxn(IK). Its columns can be considered as the coordinates of n
vectors A = {Z1,...,Z,} with respect to the canonical base of IK".

Suppose det(T) = 0. Then rank(T) < n and therefore rank(A) < n. This
means that the n vectors of A are not a basis and therefore one of them is a linear
combination of the others. Therefore, the corresponding column of coordinates will
be a linear combination of the other columns.

Conversely if a column is a linear combination of the others rank(A) < n and
therefore rank(T) < n. But then there cannot be a minor of order n with non-zero
determinant and therefore det(T') = 0. |

5 Change of basis.

Suppose we have two bases in a vector space V :

B={é1,...,en}; B ={e,...,e,}.
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We are looking for a formula that relates the coordinates of a vector with respect to
each one of these bases.

Since B is a basis, the vectors of B’ can be expressed in coordinates with respect
to the basis B:

- 1= 2= =
ey =cjé; +ciéa+...+cléen
- 1 2 _
e'o =31 +c562 + ...+ Cchén
—
Y2 U 2 — n =
e, =cpé1 +cpéa+ ... +cpén
ad & ...
o - A & ... A
(e'1 €'z en)=(e1 e €n .
cr ey cn

We write the previous expression in a simplified form as:

(¢) = (&)Mpp
where the matrix L L L
i ¢ ... Cp
g a ... &
Mpgp =
et ¢y ... cp
el eo ... €en

will be called change-of-basis matrix or transition matrix from the basis B’
to the basis B. We note that its columns are formed by the coordinates of
the basis vectors B’ with respect to the basis B.

The change-of-basis matrix is always nonsingular. This is a direct conse-
quence of the Corollary 4.3 from the previous section. If the matrix were singular,
the vectors of B’ would not be independent.

Suppose the coordinates of a vector T with respect to the bases B and B’ are
respectively:
(1,...,2n), and (.’I,‘/l,...,ZI:/,l).
Then:
T1oBi Ty B =T =0 i+ e

With matrix notation

1 T 1

xTo B B $/2 _ B
(él () én) = ((:/1 e's en : or (é)(l) = (6/)(1 )

In fL'ln

If we now apply the expression of the change of basis, we get

(€)(z) = (e)Mpp/ (z'),
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and from the uniqueness of the coordinates with respect to the basis B we obtain:
() = Mpp/(z')

Note the following facts about the notation we have used:

1. The columns of the matrix Mpp/ are the coordinates of the vectors of the basis
B’ with respect to the basis B.

2. The matrix Mpp: allows us to turn coordinates in the basis B’ into coordinates
in the basis B.

3. As a mnemonic rule to remember the base change formula, we note that the
vector of column coordinates which appears multiplied by the change-of-basis
matrix must be in the basis indicated by the subindex of M which is adjacent

to it:
(w) = MB

4. The matrix Mp/p is formed by the coordinates of the basis vectors B with
respect to the basis B’.

5. The matrix Mp/p will allow us to turn coordinates in the basis B into coordi-
nates in the basis B’:

(+') = My p(z)

6. The following holds:

’MB’B = (Mpp/)~" ‘

To check this, note that if we first change from basis B to basis B’ and then
undo the change by going back to the basis B, the coordinates thus obtained
must be the initial ones, that is:

Mgp -Mpp=Id = Mpp = (Mgpg) "

7. If we have three bases C, B and B’, we have the following relation between the
change-of-basis matrices,

’MB/B — My - Mos ‘

Note that again in this type of formulas the subscripts corresponding to the
same bases are adjacent.

My =M —-M
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6 Equations of the subspaces.

Let V be a vector space and let S be a vector subspace of V. Suppose that B =
{€1,...,€n} is a basis of V and that {51,...,5,} is a basis of S. Let us see different
ways to express the elements of S.

We will work with coordinates with respect to the basis B of V.

Given any vector Z € V, we will denote its coordinates as (z',...
().

The coordinates of the vectors 3; will be denoted by (a7, ..

,x™) or simply

.,a?) or simply (a?).

1. Vector equation.
S is formed by the vectors Z satisfying

for any o € K.
2. Parametric equations.

S is formed by the coordinate vectors (z',...,z™) verifying:

b =alal —‘,—aéaQ—i—...—&—a;a”
22 =alal +a§a2—|—...+af,a”

@’szziaiaz, 1=12,...,n

" = alal + a%a? +...+aya?

for any o € IK. The o' are the parameters. For a subspace S of dimension
p, there must be p parameters.

3. Implicit or Cartesian equations.
By eliminating parameters in the parametric equations we obtain (n — p) inde-
pendent implicit equations.

S will be formed by the coordinate vectors (x',...,z") satisfying

biz! + bz + ... 4+ blz" =0
b2zt + biz® + ... + biz" =0

by Pt 4+ by TP 4 + b P2" =0

7 Dimension of the sum of subspaces.

Theorem 7.1 Let V' be a finite dimensional vector space. Let S1 and S2 be two
subspaces of V. Then:

’ dim(Sy + S2) + dim(S1 N S) = dim(S1) + dim(Ss) ‘
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Proof: Let a = dim(S1), b = dim(S2) and r = dim(S1 N S2). Consider a basis of
S1MN Sy

B={Z,...,%}
Since S1 NS2 C S1 and S1 NSz C S1, we know that we can complete up this basis
both to one of S; and another one of Ss:

basis of Si.
basis of Ss.

Bi ={Z1,..., Ty, Urt1,---,Ua}
By ={Z1,...,Tr,Ur41,---,0p}

Let us see that B’ = {Z1,...,%r, Urt1, .-, Ua, Ur41,-- -, b} is a basis of S1 + Sa:

- It is clear that it is a spanning set of S; + S2 since:
S1+ Sa :L{Sj[USQ}:
=L{Z1, oy Ty Uty e e sUayTlye vy Try Urgly.v., U} =
=L{Z1,. ., Ty Urt1y---sUay Urtly---,Tp}
- Now let us see that they are linearly independent. Suppose we have an expression:
M+ A T o g e QT+ B g1 .+ BP0, =0
We want to see that then all the coefficients of this sum are zero.

The above expression can be written as:

MNEy + . AN+ e+ 40Uy = =B 0 — . = BT (%)

€51 €8Sy

We deduce that both terms must be in S; N S2, that is, they must be a linear
combination of elements of B. In particular:

B0 — . =B =T . 4+ T
or equivalently:
PB4 T+ B g+ .+ B, =0
Since B> is a basis of S2, it is an independent set and necessarily
gt =...=p"=0.
Now the first term of the equality (x) is also 0 and since B is a basis, its vectors
are independent and necessarily
M=... =XN=aT'=...=a"=0.
|

As a consequence of this result and the reasoning we have done in the proof, we
also conclude that:
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Corollary 7.2 Let U be a vector space of finite dimension. If Si, S2 are vector
subspaces of U and S1 + S2 is a direct sum, then:

dzm(S1 (&) 52) = dzm(Sl) =+ d’Lm(SQ)
Also if B1 and Bs are respectively bases of S1 and of Sz, then B1 U By is a base of
S1 D S-.

By applying the same result to more than two vector subspaces, we obtain:

Corollary 7.3 Let U be a vector space of finite dimension. If S1,...,Sk are vector
subspaces of U and S1 + ...+ Sk is a direct sum, then:

Also if Ba,..., By are bases respectively of Si,...,Sk, then By U...U By is a base
Ofsl@@sk

8 Appendix: usual method of working on vec-
tor spaces.

An important feature of vector spaces is that once we have fixed a basis, all vectors
in the space can be expressed by coordinates with respect to that basis. All the
work we need to do on them can be reduced to operating with those coordinates
through matrix calculations. This is independent of the nature of the specific vector
space that we are handling (spaces R", function spaces, matrix spaces, etc...). We
summarize this fact in the following scheme:

Method of working in a vector space:
1. Fix a basis.
2. Express the data in coordinates with respect to the fixed basis.

3. Operate with these data (matrix calculation) until the desired
result is obtained.

4. Express the result in the context of the starting vector space.

8.1 Example:

We consider the following problem. Let U be the set of polynomials of degree less
or equal to 2 that have 0 as a root and V those that have 1 as a root. Determine
U NV, that is, the set of all polynomials of degree less or equal to 2 whose values at
0 and at 1 are both zero.
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Evidently applying some basic properties of polynomials, one can quickly obtain
that polynomials of degree less than or equal to 2 vanishing at 0 and 1 are exactly
those which have the form

p(z) = kx(x — 1) = ka® — k.

However, we are going to solve the problem from the point of view of the theory of
vector spaces.

We will work on the vector space P2(R) of polynomials of degree less than or equal
to 2. We follow the scheme described:

1. Fix a basis.
The canonical basis of P2(IR) is B = {1,z,z?}. We will work with respect to
this basis. The coordinates of a polynomial p(x) = a + bz + cz? in this basis
are (a,b,c).
2. Express the data in coordinates with respect to the fixed basis..
The set U is:
U = {p(z) € P(IR)|p(0) = 0}.

If p(x) = a 4 bx + cz? then the condition defining the elements in U is:
p(0)=0 < a=0.

Therefore, in coordinates with respect to the base B, the subset is written as
follows:
U = {(a,b,c) € P2(R)|a = 0}.
Since the condition a = 0 is linear, U is a vector subspace.
Reasoning analogously for the set V:

V = {p(x) € P2(R)|p(1) = 0}.
In this way we obtain the implicit equation of V respect to the canonical basis:
V ={(a,b,c) € P2(R)|a+ b+ c=0}.

3. Operate with these data (matrix calculation) until the desired result
is obtained.

We need to calculate U N V. We have the implicit equations of both subspaces,
so the intersection subspace is determined by these equations combined:

UNV ={(a,b,c) €P2(R)|a=0, a+b+c=0}

Since the two equations are independent and dim(P2(IR)) = 3, the subspace
U NV has dimension 3 — 2 = 1. We want to find a basis, that is, a single
nonzero vector that satisfies both equations:

a=0, a+b+c=0 = a=0, b=-—c
We can pick the vector (0,1, —1). Finally:
UNV =£{(0,1,-1)}.
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4. Express the result in the context of the starting vector space.

Now the polynomial with coordinates (0,1, —1) with respect to the base B is:
0-141-2—1-2> =z — 2>

So
Unv = L{z —z°}.

In other words, the polynomials whose roots are 0 and 1 are exactly the multiples
of the polynomial z — z?.
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