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4. Vector product and mixed product.

In this chapter U will denote an Euclidean space of dimension 3.

1 Vector product.

1.1 Definition.

Definition 1.1 Let Z,y be two vectors in U and suppose we fix the basis B =
{€1,e2,83} as a reference. We define the vector product or cross product Z A §
of the vectors T and y as follows:

1. If z,y are dependent, then T A i = 0.
TN

2. If Z,y are independent, then y is the only vector satisfying

(a) T A g is orthogonal to both T and .
() Iz Agll = N1zl - 5]l - |sin(z, )|
(c) The basis {Z,y,T Ay} has the same orientation as B.

This definition is consistent because given two independent vectors Z,y in a 3-
dimensional Euclidean space, the space of vectors perpendicular to both has dimen-
sion 1. Therefore there is a unique vector in this subspace with a given norm and a
given direction.

1.2 Analytical expression.

Suppose we fix an orthonormal basis B = {€1, &2, €} which we choose as a positive
orientation reference. Then

—

Theorem 1.2 The wvector product of the wvectors & = (:El,xz,x3)3 and § =
(yl7yz7 y3)3 can be obtained from the following determinant-like expression:
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Proof: First, let us note that even though the first row of this determinant is formed
by vectors, the expression itself makes sense. It is enough to take into account that in
each term of the expansion of the determinant there appears only one element from
the first row; the corresponding term must be interpreted as a vector multiplied by
a scalar, which is an operation that makes sense in a vector space.
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If we put A= | z! 2 2% ] the theorem states that:
vyt oy
T N\ g =z Wlth z = (1411,1412,1413))37

where A;; is the cofactor corresponding to the position ij of A. Let us see that z
meets the definition of vector product:

1. If z,y are dependent, then Z = 0 because in this case the last two rows of A
are linearly dependent and therefore all cofactors are null.

2. (a) We have:
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2. (b) We want to check that [|ZAg|| = ||Z||||7]|| sin(Z, §)|. This is clearly equivalent
to

Iz A gl* = lI2lligl* (1 - cos*(@, 7)) = I2I7lIg]° ~ l|ZI|]I* cos*(z,9) =
Iz"llgl” - (z - 9)

Note that from the proposed formula it follows
1Z AP = (z1y2 — 2201)” + (@193 — 23351)” + (2213 — T3Y2)°
and on the other hand
|zl|* =2t + 25 + 25, |gI° =i +¥5 +v5, T 7=y + T2y2 + T3y,

From here it is easy to deduce the required identity.

2. (c) In order for the basis B’ = {Z,9,Z A §} to have the same orientation as
B, the change-of-basis matrix Mpgpg: must have a positive determinant. But since
ZANG=(A11,A12, A13)B,

X1 Xro X3
|MBB" = |MtBB’| =1 %N Y2 Y3
A A Ais

and expanding through the last row we obtain

|[Mpp/| = Al + AL+ A%g > 0.
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1.3 Properties. The mixed product has the following properties:
Taking into account the analytical expression of the vector product, it is easy to 1. [z,9,2] =0 < {Z,7,z} are dependent.
deduce the following properties: 2. It is trilinear, that is:
1. ZANy=0 <= z,y are dependent. [aZ + BT, 7, 2| = o[z, 7, 2| + B[Z, 5, Z).

2. The vector product is bilinear, that is:

o N Y JE— _ o
i./\(ag+6g’):ai./\g+ﬁf/\g’. [:E,ay+6y,z]—a[x,y,z}-l—/j'[x,y,z].

(0 + BE') A = aZ A + BT AT. 2,9, 0z + pZ] = o[z, 5,2] + B[z, 9, 7'].

3. The vector product is antisymmetric, that is: . . . .
b v 3. It is antisymmetric, that is:
TAY=—FAZ.

1.4 Geometric interpretation.

Finally, the mixed product of three vectors admits the following geometric inter-

Theorem 1.3 The norm of the vector product of two vectors T, y, coincides with
pretation.

the area of the parallelogram they determine:

Theorem 2.3 The absolute value of the mized product of three vectors T,y,z coin-

5
/A cides with the volume of the parallelepiped they determine.
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Proof: We have:

Area of parallelogram = ||Z||h = ||Z||||7]|| sin(Z, §)| = ||z A §]|-

Proof: We have:

2 Mixed Product

Volume of the parallelepiped = Base area-H = ||ZAy||||z|| cos(8) = |(ZAY)-Z| = |[Z, T, 2

Definition 2.1 We define the mixed product of three vectors T,y,zZ of a 3- m
dimensional Fuclidean space as:

Z,7,2] = (T AG)- 2.

As a consequence of the analytical expression we have obtained for the vector
product, we deduce the following expression for the mixed product:

Theorem 2.2 Let Z,y,z be three vectors of U and B a basis. Then

1'1 .122 ac3 1 1 X2 xrs3
[z,9,2] = VIGsl |y v v° [z,9,2) = iy Y
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