LINEAR ALGEBRA 1 Problem Set 1
Sets and functions (Academic year 2024-2025)

1.— Given the following sets:
A=1{235711}
B={ze Zlxz >4}
C ={z € Z||z| <5}
D = {z € N|z is odd}

Calculate:
) (AnB)UC.
ii) (Z—-D)nC.
iii) (CUA)NB.
) (AU(Z - B))N(CUD,).
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2.— Given the sets X and Y we define the symmetric difference of X and Y to be the set:

XAY = (XUY) - (XNY)

(i) Let A= {a € N]1 <a <3}, B={rec Nl <a?<20}, C=1{1,2,4}. Calculate
(AUB)AC, AA(BNC) and CAB.

(ii) Discuss whether or not it is generally true that:

(XUY)AZ = (XAZ)U (YAZ)
(Partial exam, October 2015)

3.— Let A, B,C be three sets. Determine whether the following statements are true or
false. Explain your reasoning:

(i) (ANnB)UC=AnNn(BUCQO).
(iil) f AC Bthen ANC=BnC.
(iii) If ANC = C then C C A.
) If AUB = AN B then A = B.
(v) f ANB =0 then (AUC)N(BNC) = 0.
(vi) f ANB=BNC =0then ANC =.

(Final exam, July 2015.)
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4.— Let f: X — Y be a function, and let A, B be two subsets of X. Determine whether
the following statements are true or false and for those that turn out not to be true,
if they are true under the additional hypothesis that f is injective or surjective.

(a) F(AUB)C f(A)U f(B)
(b) f(A)UF(B) C f(AUB)
(c) f(ANB) C f(A) N f(B)
(d) f(A)Nf(B)cC f(ANB)
(e) F(X\A)CY\[f(A)
(f) Y\ f(4) C f(X\ 4)

: IRT — IR be defined as
++/z. Is one function the inverse of the other?. Reason the answer.

5~ Let f : R — IRT be defined as f(z) = x? and let g
g(x) =

6.— Given the following functions study if they are injective, surjective or bijective.
Calculate also the inverse applications of those that turn out to be bijective..

fi:IR— R, x+ cosz +1

'R— R, x—2x

R\ {3} — R\ {2}, 2z~ .
' R? — R, (,
:R?2 — R?, (z,y) —
R\ {0} = R2, z— (z,1/x)

IR — [0,2], x — cosz + 1

:[0,7] — [0,2], z > cosz + 1
Rt — R, z—ysiy?=x
Rt — Rt 2z yify2==z

IR — R, x— tgz
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:IN — IN, n — n!

2r — 4
-3

y) = Yy

7.— Let A, B, C, D be sets, f a function from A to B, g a function from B to C and h a
function from C to D. Prove that if go f and h o g are bijective, then in fact f, g and
h are bijective.

8.— Let h : X — X be a function such that there exists a n € IN with A"
that h is bijective. (Note: h'* = ho.m. o h;

=1x. Prove
ix is the identity map of X).



9.— Let f: A — B be a functions. Prove that:
(a) f is injective if and only if there is a map g : B — A such that go f =iy4.
(b) f is surjective if and only if there is a map h: B — A such that foh =ip.

10.— Let X and Y be sets and f: X — Y a function. Prove that the following statements
are equivalent:

(a) f is injective.
(b) For any subsets A, B of X such that AN B =10, f(A) N f(B) =0 holds.
(First partial, February 2003)



