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GROUP TOPOLOGIES ON VECTOR SPACES AND CHARACTER
LIFTING PROPERTIES

XABIER DOMINGUEZ AND VAJA TARIELADZE

ABSTRACT. Itisknown thatevery continuous character on a topological vector
space can be lifted to a continuous linear functional and, moreover, these
liftings give rise to a topological isomorphism between the dual group and
the dual space, when both are endowed with the compact-open topology. We
investigate the presence of these properties in more general topologized real
vector spaces.

1. Preliminaries

In Functional Analysis, the study of not necessarily linear, additive group
topologies on vector spaces can be traced back at least to the fifties. For in-
stance, topological vector groups (as defined below) were introduced by Raikov
([19]), but the notion had been implicitly used in earlier references.

The first insights on the group duality of topological vector spaces are from
about the same time (the words “group duality” meaning the use of the one-
dimensional torus, rather than the real line, as the dualizing object). M. F.
Smith proved in [20] that every continuous character on a topological vector
space can be lifted to a continuous linear functional and, moreover, these lift-
ings result in a topological isomorphism between the dual group and the dual
space, both endowed with the compact-open topology. (The first part of this
assertion was proved independently by Hewitt and Zuckermann in [14].)

These definitions and results were put together and given a new prominence
in W. Banaszczyk’s theory of nuclear groups ([2]). His work paved the way
to proving significant generalizations of several basic theorems from abstract
harmonic analysis and duality theory of topological Abelian groups, which were
carried out by himself and other authors. The theory makes essential use of
locally convex vector groups and other classes of topologized vector spaces.

In this paper we first give a survey of different topological properties that
may be present in a topological Abelian group which algebraically is a real
vector space. Next we explore the way these properties are related to the
possibility of lifting continuous characters to continuous linear functionals on
these spaces. Note that in the topological group framework, Nickolas ([18])
showed that the related problem of lifting continuous characters to continuous
real valued group homomorphims is relevant in the study of the structure of
dual groups.
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For any Abelian group G, any set U C G and any n € N we define

Un = ﬂ{xEG:ker}
k=1

Note that if G is a topological Abelian group and U is a neighborhood of zero
in G, the sets U,), n € N are neighborhoods of zero as well.

The symbol T will denote the multiplicative group of all complex numbers
with modulus 1, endowed with the topology induced by the usual one on C. The
canonical covering projection [¢ € R — exp(2it) € T] will be denoted by p. We
will also use a special notation for the following distinguished neighborhood of
1lin T:

T, = p(-1/4,1/4) = {t € T : Ret > 0}

The following fact is standard (for a proof see e. g. [2], 1.2):
ProPOSITION (1.1). Foreveryn € N, (T.)y,) = p([—ﬁ, ﬁ]).

For a given topological Abelian group G, let us denote by No(G) the family
of all neighborhoods of the unit element 0 € G, in the case of additive notation.
From Proposition (1.1) it is not difficult to derive the following known result:

PROPOSITION (1.2). Let G be a topological Abelian group and x: G — T a

group homomorphism. Then yx is continuous if and only if there exists U €
No(G) such that xy(U) C T,.

Group homomorphisms from G to T are usually called characters of G. We
shall denote by G the set of all continuous characters of the topological Abelian
group G. Note that G is an Abelian group under pointwise product of charac-
ters.

Let G be a topological Abelian group, and U a subset of G. The set of all
continuous characters y € G” such that y(U) C T, is called the polar of U
and denoted by U”. Dually, if V is a subset of the Abelian group G*, the set
of all x € G such that y(x) € T, is called the inverse polar of V and denoted
by V<. Aset U C G is said to be quasi-convex if U = U"". Keeping in mind
Hahn-Banach separation theorems, topological Abelian groups with a basis of
quasi-convex neighborhoods of zero (the so-called locally quasi-convex groups)
are expected to be a convenient generalization of locally convex spaces. (We
shall make more concrete this statement below.)

Let G be a topological Abelian group. Denote by o(G, G") the coarsest topol-
ogy for which all characters in G" are continuous; in other words, the initial
topology on G with respect to all homomorphisms in G*. (G, G"), usually
known as Bohr topology of G, is a precompact group topology, and it admits as
a subbasis of neighborhoods of zero the family of sets {x}* with y running over
G".

It is common to consider group topologies on the dual group G*. The most
usual one is the compact-open topology (topology of uniform convergence on
compact subsets of GG), which admits as a basis of neighborhoods at 1 the
family of all polars of compact subsets of G (this is also an easy consequence
of Proposition (1.1)). We will denote by G the group G equipped with the
compact-open topology.
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The following computation of the dual of R is classical; we single it out here
for later use. For any fixed real number¢, let p;: R — T be the mapping defined
by p:(A) = p(At) for every A € R.

PROPOSITION (1.3). Forthe additive group R endowed with its usual topology
we have
R" = {p; : t € R}
and the mapping t — p; is a topological group isomorphism between R and R,

For an elementary proof of this result see for instance [21], Lem. 21.5, Prop.
21.8(a).

In what follows we will be mainly working in the context of a real vector
space E endowed with a topology 7 such that (E, 7) is a topological Abelian
group with respect to addition (we will abbreviate this to “an additive group
topology” in what follows). A real vector space endowed with an additive group
topology will be called a group-topologized vector space over R.

Let E be a group-topologized vector space over R. We denote by E* the set
of all continuous linear functionals f: E — R. The set E* carries a natural
vector space structure; this vector space, when equipped with the topology of
uniform convergence on all compact subsets of E, will be denoted by E;.

We want to study the relationship between continuous linear functionals
and continuous characters defined on a group-topologized vector space E over
R. Itis clear that if f € E*, then po f € E".

The following notion arises naturally:

Definition (1.4). A group-topologized vector space E over R is said to have
the character lifting property if for every continuous character y: E — T there
exists a continuous linear functional f: E — R for which po f = y.

Proposition (1.3) says, in particular, that R has the character lifting property.
The above quoted result from [20] and [14] can be formulated as the fact that
any real topological vector space has the character lifting property. This is our
Corollary (3.11) below; an alternative proof of this result can be found in [13],
(23.32).

We will show that in some cases the following question has a positive answer:
let E be a group-topologized vector space over R with the character lifting
property; is E necessarily a topological vector space?

2. Group topologies on vector spaces

Recall that a group-topologized vector space (E, 7) over R is said to be a
topological vector space if the map

RxE — E
A\x) — Ax

is continuous when considering the usual topology on R, the topology 7 on E
and the product topology on R x E.

Next we weaken this requirement in several different ways. Recall that a
subset U of a real vector space E is said to be balanced if [-1,1]U = U, and
absorbing if for every x € E there exists « > 0 such that x € AU whenever
[A] > .
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Definition (2.1). A group-topologized vector space (E, 7) over R is said to be

(a) locally absorbing if every neighborhood of zero in E is absorbing,

(b) locally balanced if E has a basis of neighborhoods of zero formed by bal-
anced sets,

(c) atopological vector group if for every A € R, the map

E — E
X —  Ax

is continuous.

Note that a group-topologized vector space (E, 7) over R is locally absorbing
if and only if for every x € E the mapping [A € R — Ax € E] is continuous
(this simple fact was pointed out in [16]).

Topological vector groups! where first explicitly defined and studied in [19],
but the condition defining this class had been separately considered before (see
e. g. [3], §1).

In the following results and examples we give some information about the
relationships among these classes of spaces.

ProPOSITION (2.2) ([3], §1.5, Proposition 4). Let (E, 7)be a group-topologized
vector space over R. Then (E, T) is a topological vector space if and only if it is
locally balanced and locally absorbing.

An analogue of Proposition (2.2) is true in the complex case, but not for
a general locally compact valued base field. For simplicity we consider only
the real case in this paper, but most of the results are easily generalizable to
complex spaces.

PROPOSITION (2.3). Let (E, T) be a group-topologized vector space over R. If
(E, T) is locally balanced, then (E, T) is a topological vector group.

Proof. We must show that %U is a neighborhood of zero for any fixed A # 0
and U € Ny(E).

Fix n € N such that |A| < n. Since 7 is a group topology, there exists a
neighborhood of zero W such that W + .%. + W C U. In particular W C %U.
We may assume that U is balanced, and thus

1 1 1
Wc;Uchfo

=) %U is a neighborhood of zero, as required. O

PROPOSITION (2.4). Let (E, T) be a locally absorbing topological vector group.
If (E, T)is either metrizable or a Baire space then it is a topological vector space.

Proof. This follows from the fact that a separately continuous biadditive
map defined on the product of a Baire group and a metrizable group is contin-
uous ([22], Theorem 11.15). O

INote that the term “vector group” has been used in algebraic Abelian group theory for more
general groups than those underlying real vector spaces, and “topological vector group” has been
chosen in some references to designate the object we have called “group-topologized vector space”.
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Example (2.5). Anontrivial vector space endowed with the discrete topology
is a locally balanced topological vector group which is not locally absorbing.

Example (2.6). (This example uses some basic facts about group topologies
defined by characters; details not provided here can be found in [6], §2.3 or [4],
§3). Let H be a dense subgroup of R. Consider the initial topology on R with
respect to the family of characters T'y = {p,: h € H} C R". We will denote
this topology by 7. Clearly 7 = (R, R") is the Bohr topology of R.

(a) (R, 7g) is a Hausdorff precompact noncompact topological group. More-
over, Ty is strictly coarser than the usual topology of R.

b) (R, 7g) is a locally absorbing connected group-topologized vector space
over R. Moreover, (R, 7x) is not a topological vector space over R.

(c) (R, 7g) is not locally balanced.

(d) (R, o(R, R")) is a locally absorbing precompact topological vector group.
Moreover, the scalar multiplication

R x (R, o(R,R") — (R, o(R,R"))
(A, x) — AX

is sequentially continuous, but not continuous.
(e) If (R, 77) is a topological vector group, then H = R.

Proof. (a). Itis well known that (R, 75 ) is a topological group. It is Hausdorff
because I'y separates points of R. (R, ) is a precompact group, because it is
topologically isomorphic to a subgroup of the compact group T . Clearly, 7y is
coarser than the usual topology 7, of R. Since R is not precompact, we get that
Ty is strictly coarser than 7. (For a proof of this statement which does not use
this precompactness argument, see [5].) Assume that (R, ) is compact; from
this, according to the Open Mapping Theorem (see e. g. [15], Theorem 3) we
would deduce that the continuous identity mapping from R to (R, ) is open
as well; hence we would get a contradiction: 7, = 7. (However, there exist
nontrivial compact topological vector groups, see Remark (5.2).)

(b) Since Ty is coarser than the usual topology of R, we deduce that (R, 7z) is
locally absorbing and connected. (R, 7g) is not a topological vector space over
R because it is precompact and nontrivial.

(c) (R, ) is not locally balanced, because otherwise from the first part of (b)
and Proposition (2.2) we would get that (R, 7z ) is a topological vector space over
R, which would contradict the second part of (b). (Actually the only balanced
neighborhood of zero in (R, 75 ) is the whole group; this follows easily from the
direct proof given in [5] of the fact that any 7z-neighborhood of zero contains
arbitrarily large real numbers).

d) Fix A € R. We need to show that the mapping x — m,(x): = Ax is
(c(R, R"), (R, R"))-continuous. This is true because p, o m, = pp, for any
h € R. Consequently, the first part is proved. The scalar multiplication is
sequentially continuous because R and (R, o(R, R")) have the same convergent
sequences (this is a classical result, see for instance [9]). It is not continuous
because (R, o(R, R")) is not a topological vector space over R.

(e) Fix A € R. Assume that the mapping x — m)(x) = Ax is (g, TH)-
continuous. This implies that for every A € H the composition py o m, = pp,
is Tg-continuous. From this (see [4], Theor. 3.7 or [6], Theor. 2.3.4.) we get
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that p,, € I'y for every h € H. Hence, hA € H for every h € H. If (R, 7g) is
a topological vector group, then for every A € R the mapping x — m,(x) = Ax
is (7g, Tg)-continuous. Consequently we get hA € H,Vh € H, VA € R so
H=R. O

Example (2.7). Let E be as in Example (2.5), and F = (R, o(R, R")) (see
Example (2.6)). The space E x F, with the product topology, is a Hausdorff
topological vector group which is neither locally absorbing nor locally balanced.

In the remaining of this section we will discuss local convexity and local
quasi-convexity of additive group topologies on a real vector space.

Definition (2.8) (cf. [2],9.1). A group-topologized vector space over R is said
to be a locally convex vector group if it has a basis of neighborhoods of zero
formed by convex sets.

Locally convex vector groups are clearly locally balanced. From Proposition
(2.3) it easily follows that any locally convex vector group is a (locally convex)
topological vector group.

Locally convex vector groups were first defined in [19]. They became an
interesting object of study in view of their good duality properties (see [11])
and the fundamental role they play in the theory of nuclear groups ([1], [2],
[8D.

It is known (see [2], 2.4) that a topological vector space is locally quasi-
convex as a group if and only if it is a locally convex topological vector space.
It is not true that a topological vector group is locally quasi-convex if and only
if it is a locally convex vector group; indeed, it is easy to show that the non
locally balanced topological vector group (R, o(R, R")) (see Example (2.6)) is
locally quasi-convex.

In spite of this, something can be said about the relationship between local
convexity and local quasi-convexity in topological vector group setting. We
first state a Lemma:

LEMMA (2.9) (cf. [7], §18). Let (E, T) be a group-topologized vector space over

R. For every balanced subset B of E, the convex envelope co B of B is contained
in B™.

Proof. Fix by,...,b, in B and #4,...,{, nonnegative numbers such that
> r_1tr = 1. We must show that

b= tyb € B,
k=1

i.e. that x(b) € T, for every y € B". Fix such a y and define the characters
xXe: R—T, xpla)=x(aby), ke{l,...,n}.

Since B is balanced and y € B", we have yx;([—1,1]) ¢ T, for every k €
{1, ..., n}. Hence the characters y;, are continuous (see Proposition (1.2)). By
Proposition (1.3), for every £ € {1,...,n} there exists A, € R with y;(a) =
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p(Apa) for every a € R. From the inclusion Ap[—1,1] C [-1/4,1/4] + Z we
deduce A, € [—1/4,1/4], for every k € {1,...,n}. Hence

x(®) = xO_tebe) = [ [ x@bw) [ [ xalt) = pO_ Metn) € T
k=1

r=1 k=1 k=1
since Y p_q Aptp € > 1 tel—1/4,1/4] C [-1/4,1/4]. O

PROPOSITION (2.10). Let E be a group-topologized vector space over R.

(a) (Banaszczyk) If E is a locally convex vector group, then it is locally quasi-
convex.

(b)If E is locally balanced and locally quasi-convex, then it is a locally convex
vector group.

Proof. (a). This statement is contained in the proof of [2], Theorem 15.7; it
explicitly coincides with [1], Corollary 9.9.

(b). Fix an arbitrary U € Ny(E); we shall find a convex zero neighborhood
contained in U. Find a quasi-convex W; € ANy(E) contained in U. Next find
a balanced Wy € Ny(E) contained in W;. By Lemma (2.9), co Wy C W;*. Now,
since W; is quasi-convex and Wy C Wi, it is immediate that W5 C W< = W;.
Hence coWs is a convex neighborhood of zero contained in U. O

3. Lifting continuous characters

In this section we shall consider conditions under which a continuous char-
acter on a group-topologized vector space E over R can be lifted (i.e. written as
pof)toa continuous linear functional f: E — R. First we prove some related
algebraic results:

LEMMA (8.1). Let E be a real vector space and f, g group homomorphisms
from E to Rwith pof =pog. Then f = g.

Proof. (Suggested by the referee.) Let h = f — g. Then poh = 0, so
h(E) C ker p = Z. Since h(E) is divisible, this is possible only if 2~ = 0, i. e.
f=s O

PROPOSITION (3.2). Let E be a real vector space, x: E — T a character. The
following are equivalent:

(a) There exists a linear functional f: E — R such that pof = x

(b) For every x € E there exists u, € R with

x(Ax) = p(Apy) VA ER.
(c) For every x € E, the function [A € R — x(A) := x(Ax) € T]is continuous.

Proof. (a)=(c): Fix x € E; the function y,: R — T is continuous because for
any A € R, x,(A) = x(Ax) = p(f(Ax)) = p(Af(x)) and p: R — T is continuous.

(¢)=(b): Fix x € E; since y: E — T is a character, the function y,: R — T is
a continuous character and (b) is true by Proposition (1.3).

(b)=(a): By Lemma (3.1), w, is unique. Define thus f(x) = . To show that
f is linear simply use that y(A(x+y)) = p(A(ux + u,)) for every A € R and every
x, ¥ € E and that y(A(nx)) = p(Anu,) for every A, n € Rand x € E. O
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Remark (3.3). The following “real character version” of Proposition (3.2) is
true: Let E be a real vector space, y: E — T a character. The following are
equivalent:

(i). There exists a group homomorphism f: E — R such that po f = y.

(ii). For every x € E, the function [A € Q — xx(A) := y(Ax) € T]is continu-
ous.

Using this result one can find a character y: E — T for which (i) does not
hold, even for E = R.

COROLLARY (3.4). Let (E, T) be a locally absorbing group-topologized vector
space over R. Then for any T-continuous character y: E — T there exists a
unique (not necessarily T-continuous) linear functional f: E — R such that

pof=x

Proof. The existence of such an f follows from implication (c)=-(a) of Propo-
sition (3.2); the uniqueness follows from Lemma (3.1). O

THEOREM (3.5). Let (E, T) be a group-topologized vector space over R and
x: E — T be a T-continuous character. The following are equivalent:
(a) There exists a T-continuous linear functional f: E — Rwith po f = y.
(b) (b1) For every x € E, [A € R — x(Ax) € T| is continuous, and
(b2) The mapping (A, x) € R x (E, T) — x(Ax) € T| is “locally not onto”
at (0,0), i.e. there exist U € Ny(E, T) and & > 0 with xy([-8, 61U) # T.
(¢) The mapping [(A, x) € R x (E, T) — x(Ax) € T| is continuous.

Proof. (a)=(c): Note that y(Ax) = p(f(Ax)) = p(Af(x)) and thus the biad-
ditive map [()\, x) — X(/\x)} may be written as a composition of continuous
maps:

ML) ERXE— A fx) eRxRi— Af(x) e R— p(Af(x) €T.

(¢)=(b) is clear.

(b)=(a): Since (bl) is satisfied, by Proposition (3.2) there exists a linear
functional f: E — R such that po f = y. For f to be continuous it is sufficient
its being bounded on a neighborhood of zero. Since (b2) is satisfied there exist
6> 0,U € NVy(E) and 6 € R such that p(0) € x([-§, 81U) = p([-3, 81f(U)).
Consequently, the sets [—8, 8]f(U) and 6 + Z are disjoint. From this, since
[-6,8]1f(U) is balanced, we get that [, 6]f(U) is bounded. Hence, the set
f(U) is bounded as well. O

Example (3.6). There are nonliftable characters y € E” for which [A € R —
x(Ax) € Tl (x € E) and [x € E — x(Ax) € T] (A € R) are both continuous,
e. g. any nontrivial continuous character defined on the locally absorbing
topological vector group (R, o(R, R")) (see Example (2.6)).

Example (3.7). There are nonliftable characters y € E” for which the maps
[x € E — x(Ax) € T]1 (A € R) are continuous and [(A, x) € R X E — y(Ax) € T]
is continuous at zero: actually, if E = R with the discrete topology, the map
[(A,x) € R x E — Ax € E]is continuous at zero; and E has nonliftable charac-
ters (those which are discontinuous with respect to the ordinary topology; see
e. g. [13], 25.6).
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Next we collect some particular cases of additional properties of the space
E which are useful in lifting characters:

PROPOSITION (3.8). Let (E, T) be a locally balanced group-topologized vector
space over R and let x: E — T be a T-continuous character. The following are
equivalent:

(i) There exists a T-continuous linear functional f: E — R with po f = x.

(ii) For every x € E, the function [A € R — x(Ax) € T] is continuous.

Proof. In view of Theorem (3.5), only the implication (ii)=-(i) needs a proof.
This implication follows from (b)=-(a) in Theorem (3.5). Actually, since y
satisfies hypothesis (b1) in this result, we need to show only that y satis-
fies (b2), too. Since y is continuous and E is locally balanced, there exists
a balanced neighborhood of zero U in E for which y(U) C T, # T. Then
x([—1, 1]1U) = x(U) £ T. O

PROPOSITION (3.9). Let E be a group-topologized vector space over R. If
E is either metrizable or Baire and x € E” is such that the biadditive map
[(Ax) € Rx E — x(Ax) € T] is separately continuous, then there exists a
continuous linear functional f: E — Rwith po f = y.

Proof. This is another consequence of [22], Theorem 11.15; in view of the
implication (c)=-(a) of Theorem (3.5). O

Recall that E is said to have the character lifting property if every continuous
character on E can be lifted to a continuous linear functional. Using this
terminology, the equivalence (a)<(c) of Theorem (3.5) can be written as follows:

THEOREM (3.10). Let E be a group-topologized vector space over R. The
following conditions are equivalent:

(i) E has the character lifting property.

(i1) The mapping
RxE — (E o(E E")
Ax) = Ax

is jointly continuous.

COROLLARY (3.11) ([14], [20]). If E is a real topological vector space, then E
has the character lifting property.

Proof. As E is a topological vector space and the topology o(E, E") is coarser
than the topology of E, the conclusion follows from (ii)=-(i) in Theorem (3.10).
O

In connection with Corollary (3.11) it is natural to pose the following ques-
tion: If (E, T)is a group-topologized vector space over R which has the character
lifting property, is then (E, T) a topological vector space?

If we do not impose on E some extra conditions making the dual group rich
enough, the answer to the above question is negative, as the following example
shows.
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Example (3.12). Let 7 be a group topology on R such that (R, 7)" = {1}
(such a topology exists, even a metrizable one; see [17]). Then the group-
topologized vector space (R, 7) trivially has the character lifting property, but
it is not a topological vector space.

There is an important class of topological vector groups for which having the
character lifting property and being a topological vector space are equivalent
conditions:

THEOREM (3.13). Let E be a locally convex vector group over R. If E has the
character lifting property then E is a locally convex topological vector space.

Proof. By Proposition (2.2), it suffices to show that E is locally absorbing.
Suppose this is not so. Since E is locally convex, we can find an x € E and a
balanced convex U € Ny(E) such that x not absorbed by U. Since U is balanced
and convex, we have spU = | J,. tU. Hence,

sp{x} NnspU = {0}.
Let E = sp{x} ® spU @& F be an algebraic decomposition of E. Fix some
discontinuous character x: R — T. Define now
x:E—T, x(ux+u+f)=«u

foreveryu € spU and f € F. yisclearly a character; moreover, it is continuous
since y(U) = {1} (Proposition (1.2)). Let us prove that y is not liftable. Suppose
that there exists f € E* with p o f = x. Then, for every u € R,

k(u) = x(ux) = p(f(ux)) = p(uf(x))

and k would be continuous, as a composition of continuous maps:
neER— uf(x) e R— p(uf(x)) eT.
O

Remark (3.14). This proof actually shows that the following variant of The-
orem (3.13) is true: Let E be a group-topologized vector space over R. Suppose
that E has a basis B of neighborhoods of zero such that for every U € B, U is
balanced and sp U = (J, tU. If for every continuous character x on E there
is a linear functional f: E — R with p o f = x, then E is a topological vector
space.

COROLLARY (3.15). A real vector space endowed with the discrete topology
has not the character lifting property unless it is trivial.

An application of Proposition (2.10) yields the following reformulation of
Theorem (3.13) :

PROPOSITION (3.16). Let E be a group-topologized vector space over R. If E
is locally balanced, locally quasi-convex and has the character lifting property,
then it is a locally convex topological vector space.

The following question arises: Is it possible to eliminate the assumption of
local balancedness from Proposition (3.16)?
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4. Nickolas’ theorem and liftable characters

The following result can be extracted from the proof of the main theorem in
[18]:

THEOREM (4.1). Let G be a topological Abelian group which is a k-space.
Then for every character x in the path-connected component of 1in G2 there
exists a continuous homomorphism f: G — Rwith y = pof.

THEOREM (4.2). Let E be a group-topologized vector space over Rand y: E —
R a continuous character. Define for each t € R the character [x € E — x(x) :=
x(tx)]. Consider the following properties:

(i) There exists a continuous linear functional f: E — R with po f = x.

(ii) For every x € E the function [t € R — x(tx)] is continuous and moreover,
the mapping [t € R — x; € El' is continuous.

(iii) For every x € E the character [t € R — x(tx)]is continuous and moreover,
X 8 in the path-connected component of 1 in E).
Then (1)=(i1)=(iit) and, if E is a k-space, (1)< (it)<(iii).

Proof. (1)=-(ii): Suppose that there exists f € E* with po f = y. Then
clearly [t € R — x(¢x)]is continuous. On the other hand, in order to prove that
[t € R — x; € E}]is continuous we must show that for every compact K C E
there exists ¢ > 0 with

lt| <e xe€ K= x(tx) e T, .

Givent € R and x € E, we have x(tx) = p(¢f(x)). Since K is compact, f(K)isa
bounded subset of R. From this the existence of such an & > 0 follows at once.
(11)=-(iii) is immediate.
(iii)=-(i) if E is a k-space: By Proposition (3.2), y can be lifted to a linear
functional f. By Theorem (4.1), y can be lifted to a continuous homomorphism
g:E — R.By Lemma (3.1), f = g. O

Example (4.3). Consider the locally balanced topological vector group E =
(R, 7;), where 7; denotes the discrete topology. E is metrizable, hence a k-
space. By Hamel’s classical result ([12]), there exist many nonhomogeneous
group homomorphisms f: R — R. Let f be such a homomorphism. The char-
acter pof: E — T can be lifted to a continuous homomorphism f: E — R but
not to a linear functional. This shows that the condition concerning continuity
of [t € R — x(tx)] (x € E) cannot be dispensed with in (iii).

Example (4.4). Let E be the topological vector group (R, o(R, R")) (Example
(2.6)). Consider the (nonliftable) continuous character y on E defined by x(x) =
p(x). The space E” is topologically isomorphic with R with the usual topology;
this is a consequence of the classical Glicksberg theorem ([10]), and the fact
that R is topologically self-dual (Proposition (1.3) above). This shows that
(i1)=-(i) does not hold in general.
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5. The space of liftable characters

Let E be a group-topologized vector space over R.

For E two kinds of dual objects can be considered: the set E* of all continuous
linear functionals f: E — R and the set E” of all continuous characters y: E —
T.

The set E* is a vector space over R and it is usually called the dual space of
E. The dual space E* endowed with the compact-open topology will be denoted
by E. (A basis of neighborhoods of zero for the compact-open topology on E*
is given by the sets K° = {f € E* : f(K) C [-1, 1]}, where K is an arbitrary
compact subset of E.) Note that E’ is a Hausdorff locally convex topological
vector space.

As we have already mentioned, the set E” is an Abelian group under point-
wise product of characters; it is called the dual group of E. We denote by E/'
the dual group E" endowed with the compact-open topology. Note that E/' is
a Hausdorff locally quasi-convex topological Abelian group.

Suppose that E is a topological vector group over R. Then the Abelian group
E" carries a natural vector space structure; namely, if y € E” and A € R we
may define Ay: E — T by the expression (Ay)(x) := y(Ax), x € E. Since the
mapping x — Ax is continuous, we get that Ay € E.

PROPOSITION (5.1). Let E be a topological vector group over R. Then E! is
also a topological vector group over R.

Proof. E? is a topological vector group since AK is a compact subset of E for
any A € R and any compact K C E. O

Remark (5.2). Let E # {0} be a vector space over R endowed with the
discrete topology. Then E/* presents an example of a nontrivial compact topo-
logical vector group over R. Indeed, E/ is a topological vector group over R by
Proposition (5.1); E/* is nontrivial and compact, because it is the Pontryagin
dual group of a nontrivial discrete Abelian group E.

Let us introduce a mapping P: E* — E” by the following equality: P(f) =
pof, f € E*. Clearly, P(E*) is the subgroup of E” formed by those characters
which are liftable to continuous linear forms. We denote by P(E*). the set
P(E*) endowed with compact-open topology.

PROPOSITION (5.3). Let E be a topological vector group. Then

(a) P: E} — E! is an injective continuous linear mapping;

(b) P(E*). is a locally absorbing topological vector group.

Proof. (a)is straightforward.

(b): Since by Proposition (5.1) E is a topological vector group, its subspace
P(E*). is a topological vector group as well.

To show that P(E*). is locally absorbing, for any y € P(E*) and any compact
K C E we must find € > 0 with y([—¢, e]K) C T,. It suffices to choose ¢ > 0

with f(K) C [~ £, L], where f € E* is the lifting of y. O
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For a topological vector group E the mapping P: E¥ — E” may fail to be a
topological embedding (this is for instance the case if £ is R endowed with the
discrete topology). Below we present two non-pathological cases.

PROPOSITION (5.4). Let E be a hemicompact topological vector group. Then
P: Ef — E is a topological embedding (equivalently, P(E*). is a topological
vector space).

Proof. Since E is hemicompact, E/* (and thus, P(E*).) is a metrizable group.
By Proposition (5.3), the biadditive map [(A, x) € R x P(E*). — Ay € P(E*).]
is separately continuous. By [22], Theorem 11.15; it is jointly continuous. [J

PROPOSITION (5.5). Let E be a topological vector group. Suppose that ev-
ery compact subset of E is contained in some connected (or balanced) compact
set. Then P: EX — E! is a topological embedding (equivalently, P(E*). is a
topological vector space).

Proof. We know that P: E¥ — E/ is a continuous monomorphism. To show
that it is open onto its image we need to prove the following: For every com-
pact K C E there exists a compact S C E such that P(K°) > S* N P(E*);
equivalently,

fekE”, f(Scl[-1/41/41+7Z = f(K)C[-1,1].

Given a compact K C E, choose a compact and connected (resp. a compact and
balanced) S which contains K. Since f(S) is a connected set for any f € E*,
if f(S) € [-1/4,1,4] + Z then in fact f(S) C [-1/4,1, 4] and thus f(K) C
[—1/4,1,4]. O

COROLLARY (5.6) ([20]). If E is a topological vector space, then P is a topo-
logical isomorphism between E and E!.

Proof. This follows from Proposition (5.5) together with Corollary (3.11). O
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