Author Proof

20

21

22

23

24

Comput Mech
DOI 10.1007/s00466-013-0958-0

ORIGINAL PAPER

Coupling of discrete random walks and continuous modeling
for three-dimensional tumor-induced angiogenesis

Guillermo Vilanova -
Hector Gomez

Ignasi Colominas -

Received: 30 June 2013 / Accepted: 29 November 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract The growth of new vascular networks from
pre-existing capillaries (angiogenesis) plays a pivotal role
in tumor development. Mathematical modeling of tumor-
induced angiogenesis may help understand the underlying
biology of the process and provide new hypotheses for exper-
imentation. Here, we couple an existing deterministic con-
tinuum theory with a discrete random walk, proposing a new
model that accounts for chemotactic and haptotactic cellu-
lar migration. We propose an efficient numerical method to
approximate the solution of the model. The accuracy, sta-
bility and effectiveness of our algorithms permitted us to
perform large-scale three-dimensional simulations which, in
contrast to two-dimensional calculations, show a topologi-
cal complexity similar to that found in experiments. Finally,
we use our model and simulations to investigate the role of
haptotaxis and chemotaxis in the mobility of tip endothelial
cells and its influence in the final vascular patterns.

Keywords Tumor angiogenesis - [sogeometric analysis -
Numerical simulations - Random walk - Capillary growth

1 Introduction

Tumor growth may be understood as a multistage process.
The cells forming the tumor, descendants of a single abnor-
mal cell [74], acquire through mutations several malignant
characteristics [39,40] that determine the stage wherein the
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tumor is. For many tumors, the first of these stages is avascu-
lar growth. At this stage, the tumor relies on diffusion mecha-
nisms to get nutrients and to remove the waste products of the
cell activity through nearby blood vessels and the lymphatic
system. However, as the tumor grows, diffusion mechanisms
become insufficient to maintain the high proliferation rate of
tumor cells and those located far from the vessels enter non-
proliferative hypoxic states or die from anoxia, starvation,
or metabolic poisoning. Diffusion-limited growth imposes a
threshold in the maximum diameter of an avascular tumor
(usually between 1 and 2 mm [26]), for which the prolifera-
tive rate is balanced with the apoptotic rate [67]. The tumor
may be years or decades immersed in the avascular stage [27]
without causing any harm to the host tissue.

Eventually, a tumor cell may find a way to access nutrients
and to eliminate wastes. One of these ways (first hypothesized
by Folkman [26]) is to create its own blood supply through a
process called angiogenesis: the creation of new capillaries
from pre-existing ones. Endothelial cells, the cells that line
blood vessels, are usually in a quiescent state tightly con-
trolled by the balance of pro- and anti-angiogenic factors.
This balance is only disrupted during the normal adult life
in certain situations and for short periods of time, such as
in wound healing or in the female reproductive cycle. Nev-
ertheless, the genomic instability of tumor cells may lead
to daughter cells that have gained the ability to control the
balance of angiogenic factors, for example under hypoxic
conditions. As a consequence, the tumor may overcome the
size-limited avascular growth and enter the so-called vascu-
lar stage. This step, usually called the angiogenesis switch
[12,27], is often related to a malignant state of the tumor, as
cell proliferation is no longer limited and cells may enter the
bloodstream and migrate to any part of the body, attaining
the tumor the metastatic stage.
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Cancer cells use a number of strategies to unbalance the
angiogenic factor equilibrium. Some of them can be quite
sophisticated and cancer cells may even induce normal cells
in their micro-environment to disrupt the angiogenic factor
equilibrium on behalf of them [46]. A general assumption
in mathematical modeling is that the process is governed
by just one pro-angiogenic factor that diffuses from hypoxic
cancer cells (see, for example, [54,56]). Regardless of the
mechanism that cancer cells use to initiate angiogenesis, the
first step of the cascade consists of endothelial cells receiv-
ing signals that spur them to switch their usual quiescent
phenotype to a migratory one. These cells are commonly
called tip endothelial cells and are responsible for leading
the growth of new capillary sprouts towards the cells that
demand an extra supply of blood components, and in the case
of tumors, towards hypoxic cells. However, not all endothe-
lial cells that receive the signal become migratory. The first-
stimulated cells release a molecule, called delta-like ligand 4
(dll-4), that binds to the Notch receptors of the neighboring
endothelial cells, impeding them to become tip endothelial
cells [41]. Instead, these cells acquire a proliferative pheno-
type and form the stalk of the new capillary, being referred
to as stalk cells for this reason.

The migration of the endothelial cells is thought to be
driven by three coordinated mechanisms, namely, chemo-
taxis, haptotaxis and mechanotaxis [48]. Chemotaxis is
defined as the movement following a gradient of concen-
tration of a certain soluble chemical, in this case the soluble
fraction of angiogenic factor. Haptotaxis is the motion driven
by gradients of non-soluble chemoattractants bounded to the
substrate of the extracellular matrix (in angiogenesis the frac-
tion of angiogenic factor bounded to the extracellular matrix)
or driven by gradients of focal adhesion sites. Both the non-
soluble chemoattractants and the focal adhesion sites depend
on the spatial distribution of the fibers of the extracellular
matrix. As the characteristic length scale of the fiber distri-
bution is significantly smaller than that of the global motion
of the tip endothelial cells, haptotaxis may be understood as
variations in the direction of cells movement. The last of these
mechanisms, mechanotaxis, is the movement stimulated by
mechanical forces. In order to capture all cues, tip endothelial
cells develop multiple protrusions called filopodia [31].

In tumor angiogenesis, the growth of a capillary is driven
by migration of tip endothelial cells and proliferation of
stalk cells. The process finishes when tip cells find another
endothelial cell in their way or the stimuli end. In the first
situation, the tip endothelial cell connects with another cap-
illary, fusing their lumina and forming loops, through a
process called anastomosis [3]. This process is vital, for it
allows the blood to circulate through the vessels. It is known
that mechanotaxis plays a pivotal role in anastomosis [68],
because it is one of the key mechanisms whereby tip endothe-
lial cells detect each other. In the second situation, when the
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stimuli end, the capillary regresses under pathological condi-
tions, such as in tumor-induced angiogenesis. The reason is
that, unlike in physiological angiogenesis, the new capillar-
ies induced by tumors are immature and stimuli dependent.
Other features that characterize tumor capillaries are tortuos-
ity, leakiness, high interstitial pressure, and poor blood flow,
among others [25]. The delivery of drugs through the vascu-
lar system using nanoscale particles [22,28,50] is affected by
these characteristics. In summary, vascular networks induced
by tumors are defective and they create three-dimensional
characteristic patterns.

Mathematical modeling of tumor angiogenesis may be
divided into three categories: Continuous models at the cell-
density level or macro-scale, discrete models at the cellular
and sub-cellular level, and hybrid models that incorporate
various scales. For a detailed review of the literature on this
topic the reader is referred to [64]. Continuous models are
usually systems of partial differential equations derived from
physical and biological principles. They do not consider the
cellular scale, so they usually do not capture the complex
patterns of the vasculature. Examples of this type of mod-
els may be found in the references [5,51,52,59]. In contrast,
discrete models study the behavior of each cell separately.
This feature is specially relevant for the study of the move-
ment of the tip endothelial cells [1,2,7,14,66]. A common
approach is to model the migration of the tip cells as arandom
walk [11,13,29,71]. For example, based on the work of Hill
and Héder for the trajectories of micro-organisms [42], Plank
and Sleeman [62] modeled the migration of tip endothelial
cells as a circular biased random walk [17]. However, their
model and most discrete models do not explicitly include
stalk cells and just assume they are in the migration path
behind tip cells [29,61,62,70]. Another drawback of these
models is their computational cost. Finally, hybrid models,
such as [55,57,58,65] benefit from the computational sim-
plicity of the continuous models, while still consider the cel-
lular level. For example, Travasso et al. [23,72] proposed
a hybrid model that accounts for the chemotactic migration
of tip endothelial cells modeled as discrete agents and the
proliferation of stalk cells governed by a high-order partial
differential equation of the phase-field type.

Here, following the philosophy proposed in [4,14,15], we
couple the hybrid deterministic model proposed by Travasso
et al. [72] with a random walk model biased in the direction
of chemotactic migration [69]. We believe that the stochastic
component may represent a simple mathematical concep-
tualization of haptotaxis, a biological phenomenon whose
underlying physics takes place at a significantly smaller spa-
tial scale. We also propose an efficient computational method
to approximate the solution to our model. The effectiveness
of our method permitted us to perform large-scale simula-
tions that show three-dimensional angiogenesis at a signifi-
cant level of detail.
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The rest of the paper is organized as follows: In Sect. 2, we
derive the extended mathematical model of tumor induced
angiogenesis that includes chemotaxis and haptotaxis. We
explain separately the continuous partial differential equa-
tions of the macro-scale and the discrete agents at cellular
level, and then explain the equations that couple both scales.
We pay special attention to the movement of the tip endothe-
lial cells governed by the biased circular random walk. In
Sect. 3, we propose a numerical method to solve the mathe-
matical model. We start by detailing the stochastic motion of
tip endothelial cells, continue with the coupling methodol-
ogy and finalize with the discretization of the partial differ-
ential equations. The numerical method allows us to perform
two- and three-dimensional simulations of the mathematical
model, as shown in Sect. 4. There, we perform a paramet-
ric study of the model through two-dimensional simulations.
Then, supported by four simulations, we discuss the behavior
of the model in three-dimensional settings and qualitatively
characterize the vascular networks. At the end of the sec-
tion we compare the mathematical models with and without
haptotaxis. Finally, the conclusions and future work are pre-
sented in Sect. 5.

2 The mathematical model

This section presents the multi-scale, hybrid model proposed
by Travasso et al. [72], and shows how we extended the model
to account for haptotaxis, a relevant biological phenomenon
that was not considered in the original model. Travasso et al.
derived their model assuming that the hypoxic regions of the
tissue release Tumor Angiogenic Factor (TAF) that is con-
sumed by the endothelial cells. The model naturally describes
the initiation of angiogenesis, which is controlled by discrete
rules that evaluate the angiogenic factor and its gradient, addi-
tionally enforcing the Delta-Notch effect. Endothelial cells
may exhibit a proliferative (stalk cells) or a migratory (tip
cells) phenotype in the model, being the phenotype switch
controlled by discrete rules. Hence, the growth of new cap-
illaries is achieved by way of proliferation of stalk cells and
migration of tip endothelial cells.

Here, we extend the model to account for haptotaxis dur-
ing the migration of the tip endothelial cells. The original
model treats this type of cells as discrete agents and assumes
their movement to be deterministic and driven by chemotaxis.
Thus, the velocity of tip endothelial cells is proportional to the
gradient of the tumor angiogenic factor. We introduce a new
definition for the velocity based on the random walk frame-
work, specifically on the work by Plank and Sleeman [62].
The new model considers the migration of the tip endothelial
cells as an stochastic process and defines it as a biased circu-
lar random walk. The biasing direction of the random walk
represents chemotaxis, whereas the directional randomness

is understood as haptotaxis, which acts at a smaller spatial
scale.

In the following, we summarize the new model, detail-
ing the definition of the velocity of the tip endothelial cells.
First, we describe the continuous equations for the tumor
angiogenic factor and the quiescent and stalk endothelial
cells. Afterwards, we explain the discrete agents, both for the
hypoxic cells and for the tip endothelial cells. At this point,
we introduce the biased circular random walk for the tip cells.
Then, we proceed describing how the discrete agents at the
cellular level are coupled with the macro-scale, continuous
equations.

2.1 The continuous problem

The model considers two continuous variables defined in the
spatial domain 2 C R4, where d = 2, 3. The first one, f,
represents a balance of tumor angiogenic factors released by
hypoxic cells that promote the activation of tip endothelial
cells and the proliferation of the stalk cells. The second con-
tinuous variable, c, is a phase field defining the location of
the capillaries in the extracellular matrix. The equation that
governs the dynamics of ¢ favors two homogeneous states
(c = 1 and ¢ = —1) that can co-exist stably. The region
where ¢ > 0 represents the capillaries, while ¢ < 0 defines
the area of the extracellular matrix without capillaries.

The dynamics of the tumor angiogenic factor concentra-
tion is governed by the following reaction-diffusion equation

% =V-(DVf) =B, fcH(c) ey
where D is the diffusion constant, B,, is the uptake rate con-
stant, and H(-) is the Heaviside function. The first term on
the right-hand side of the equation models the diffusion of
the tumor angiogenic factor from the hypoxic cells to the
remaining part of the extracellular matrix. The second term
accounts for the consumption of the factor by the endothelial
cells.

The dynamics of the quiescent and stalk endothelial cells
is described by the phase-field equation

dc 2
S =V (Mv (Mc—x Ac)) + B, (f)cH (c) )
where M is the constant mobility, u.(c) = —c + 3 is the

chemical potential, and A is a positive constant proportional
to the width of the capillary wall. B,(-) is the proliferative
rate function, given by

B,f iff<fp

) , 3
Bpfp if f> fp

Bp(f)=I
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where B, is the proliferative rate constant and f), is the tumor
angiogenic factor condition for highest proliferation.

The dynamics of Eq. (2) may be understood in the con-
text of phase-field methods. The chemical potential 1. is the
derivative of a double-well potential that energetically favors
two homogeneous states separated by a smooth interface. The
separation force can be interpreted from a biological stand-
point as the driving force that maintains endothelial cells
together exerted by the cells themselves. In addition, the sec-
ond term on the right-hand side accounts for the proliferation
of stalk cells in presence of tumor angiogenic factor.

Remarks:

1. In Eq. (2) the value of A defines the length scale of the
problem. As A — 0 the model tends to a sharp interface
model [47]. The lower this value, the more accurate is
the description of the capillary walls, at the expense of a
higher computational cost.

2. The proliferative rate is defined as a piecewise linear func-
tion with a plateau that imposes a maximum threshold for
proliferation. Hence, this function accounts for the sat-
uration of the tumor angiogenic factor receptors of the
surface of the endothelial cells.

2.2 The discrete agents

The model accounts for two types of discrete agents, which
represent, respectively, hypoxic and tip endothelial cells.
These cells are supposed to be spherical with radii Ry and
Ry, respectively.

2.2.1 Hypoxic cells

A hypoxic cell is assumed to be a static agent centered at a
fixed point that we call generically x,;y. The agents asso-
ciated to hypoxic cells have two states: active and inactive.
Initially, all the hypoxic cells are distributed in the hypoxic
regions of the tissue and are active. While they are active, they
produce a fixed amount of angiogenic factor fy.. When-
ever a hypoxic cell becomes normoxic, its associated agent
becomes inactive. The model assumes that this situation hap-
pens when a capillary is closer than a certain distance, 8,y
which represents the oxygen characteristic diffusion length.
An inactive agent does not produce angiogenic factor.

2.2.2 Tip endothelial cells

These agents may be created at any point of the domain or
removed according to several criteria. A new agent is created
at a point, provided that the following conditions are met:
(1) the point is inside a capillary (¢ > c4cr); (2) the tumor
angiogenic factor concentration is high enough to stimulate
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the differentiation of an endothelial cell (f > f,.); (3) the
chemotactic signal is strong (G = |V f| > Gae); and (4)
there is no other tip endothelial cell nearby releasing dll-
4 to prevent its differentiation. The characteristic diffusion
length of the dlI-4 is denoted here by 44. If at some point a
tip endothelial cell fails to meet these conditions, its asso-
ciated agent is removed, assuming that the cell changed its
phenotype to a non-migratory one.

In contrast to hypoxic cells, tip endothelial cells are
mobile. We define the movement of a tip endothelial cell
as a biased circular random walk. Let us discretize the
time interval of interest, namely (0, T'), into N sub-intervals
I, = (ty_1,ty);n=1,...,N,where0 =1 < <--- <
ty = T. We call Af,, = t, — t,—1. Given a tip endothelial
cell defined by its center, x?EC = (x?EC, y?EC, z?EC), at time
t,, we define its trajectory by the set of equations

xr.= x;'E_Cl + p cos(6,) sin(p,) Aty
yh o=yl psin6,) sin(p,) Aty @
e = zz};cl + p cos(g,) Aty

where p, the velocity magnitude, is a deterministic func-
tion of the model parameters and the magnitude of the gra-
dient of tumor angiogenic factor concentration. 6, and ¢,
are realizations of the discrete stochastic variables &, and
@,, which denote, respectively, the azimuthal and the polar
(zenith) angles of the spherical system of coordinates. We
will assume that ®,, and @, are independent for all n > O.
The range of ®,, namely Rp,, is defined as

R, ={On—1+8,0n—1,6,—1 — &} 5
while the range of @, is

R(P,, ={¢n-1+38, Pu—1, Pu—1 — &}. (6)

Equations (5)—(6) can be straightforwardly applied to the
casen > 1. Whenn = 1, 6y and ¢q should be understood as
deterministic values given by the gradient of the angiogenic
factor at the initial time. We denote the azimuthal component
of the gradient by Ggh and the polar component by (pf)h, where
the superscript indicates that this is the direction of chemo-
tactic migration. Note that {®,},~0 and {®,},~ define two
Markov chains, as follows from Egs. (5)-(6), and the inde-
pendence of ®, and @,, foralln > 0. Egs. (5)-(6) show that,
from one time step to the next and for each angular direction,
the tip endothelial cell may turn clockwise or anticlockwise
an angle § or remain advancing in the same direction. The
probabilities of these events are given by the probability func-
tions of ®,, and @,, defined as

POy =6,-148] =T34 AL, (7)
POy =0n1 = 8] = 50 Aty (®)
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Fig. 1 Probability function of turning anticlockwise through an angle
8 = £ for 200 time steps. We plot three probability functions, each
for a different value of the turning rate d,. The rotational diffusivity

is D, = 1, the biased direction is 6y = 0, and the time step size is
At, = 0.001

POn=b0um1] = (1=t — ) Ala )
P[®0 = guo1 +8] = 5 At (10)
P[Py =g_1 — 8] = f;zhAtn (11)
P®n=pn 1] = (1 — - f(;gh) At (12)

where £, £, £, and T, are the so-called transition
05 65 oy ®

n

rates and 0" and <" are the azimuthal and polar directions
given by the positive gradient of the tumor angiogenic factor
at time #,,. The transition rates are given by

. 5 Tocn ((n+ %) 8) (13)
ch — %
B = g (1 1)9) + g (1~ 1)9)
T o n+i)s
i (D) o

O e (1 3)8) 0 (1 - 1))

where v = % and D, is the so-called rotational diffusivity.
The derivation of the transition rates can be found at [60]. The
transition probabilities Toch and Tpeh used in Eqgs. (13)-(14)
are von Mises probability density functions given by

1 d, A
Toeh(00) = ————— ex (— cos(a — 0Y )) (15)
o 27 Io() P\ b,
(@) 1 (d” ( °h>) (16)
Toch() = —— €X — COS(x¥ —
@ 2 Io(4F) "\b, o

where Iy(+) is the modified Bessel function of the first kind
and zeroth order and d, is the turning coefficient. Figure 1
shows the evolution of the probability function of turning

clockwise for 200 time steps and for various values of the
turning coefficient.

Following [72], the velocity magnitude of the tip endothe-
lial cell is a function of the norm of the gradient of the tumor
angiogenic factor evaluated at the center of the tip endothelial
cell, such that

p=x|Vf &) £V f e ) (17)

where yx is a chemotactic constant, the operator || - || denotes
the Euclidean norm of a vector, and £ is a limiting function
defined as

Gu
LV =1 — —1 Vv -G 18
v £ +(||Vf|| )H(II Il M) (18)

where Gy is a constant.
2.3 The continuum/discrete coupling

Both the discrete hypoxic cells and tip endothelial cells must
be coupled with the continuous equations of the model. First,
as said above, hypoxic cells are responsible for the introduc-
tion of the tumor angiogenic factor in the system. Hence,
these discrete components are coupled with Eq. (1). In the
regions occupied by active hypoxic cells the value of the
tumor angiogenic factor is constant and equal to fiyc. Sec-
ond, as discrete tip endothelial cells move, they produce, by
proliferation, an excess in the concentration of endothelial
cells. Consequently, they are coupled with Eq. (2). The ratio
of the material produced in the tip cell to the volume swept
as the cell migrates, gives us the value of the order parame-
ter inside the tip endothelial cell. Thus, in the region of the
domain occupied by a tip endothelial cell, the order parame-
ter is given by

4Bp (f Krge)) Rege
3p '

(19)

Crec =
2.4 Parameters

As the equations of the mathematical model are written in
dimensionless form, we detail the value of all the correspond-
ing dimensionless parameters. However, many of them were
matched to or obtained from experiments in vivo (see [72]
and the references therein). The physical values of these para-
meters may be retrieved using the length and time scales
Lo =1.25pum and Ty = 1560s.

In Table 1 we show the dimensionless parameters of the
continuous Egs. (1) and (2) in the same order as in the
text. The remaining parameters come from the discrete agent
description. The radii of the discrete agents, namely Ry
and Ry are assumed to be equal. Travasso et al. [72], in
agreement with [30], fixed the radius of the tip endothelial
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Table 1 Dimensionless parameters of the continuous Eqgs. (1) and (2)

Parameter Value
Diffusion constant D =100
Uptake rate constant B, =6.25
Constant mobility M=1
Interface width r=1
Proliferative rate B, =1.401
TAF condition for highest proliferation fp=03

Table 2 Parameters related to the movement of the tip endothelial cells

Parameter Value
Chemotactic constant X = 242.67
TAF gradient for highest velocity Gy =0.03
Rotational diffusivity D, =0.05
Turning coefficient dy =25
Turning angle =1

cells in 5 wm, which is 4 in the dimensionless formulation
of the model. The oxygen diffusion length, §,,, is 25 pm
(20 in dimensionless quantities) as in [38]. The production
of tumor angiogenic factor per time step is fyyc = 1. The
parameters that determine the activation or deactivation of
tip endothelial cells are:

1. Order parameter condition for activation or deactivation
Cact = 0.9.

2. Tumor angiogenic factor condition for activation or deac-
tivation fue; = 0.055.

3. Tumor angiogenic factor gradient condition for activation
or deactivation G,.; = 0.01.

4. DII-4 diffusion length 64 = 16. The value of this parame-
ter in vivo is 20 pm.

Finally, in Table 2 we show the dimensionless parameters
related to the movement of tip endothelial cells. The value
of the rotational diffusivity and the turning coefficient were
obtained through a parametric study of the model. The value
of the turning angle § was maintained equal to that proposed
in [62].

3 Numerical method

In this section we present a numerical method to solve the
mathematical model. As in the model, we naturally divide
the algorithm in three blocks: the method for the discrete
agents, the method for coupling the discrete and the contin-
uous variables, and the algorithm for solving the continuous
equations. In the method for the discrete agents, we first eval-
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uate the discrete rules that determine the activation and deac-
tivation of the agents. This process is simple, so we omit the
details of the related algorithms. Therefore, we start this sec-
tion explaining the method to compute the displacement of
the tip endothelial cells following the biased circular random
walk. Then, we outline how we solve the coupling between
the discrete components and the continuous equations. We
close the section explaining the method for solving the con-
tinuous equations, which is based on isogeometric analysis
[18,43] for the spatial discretization and on the generalized-«
method [16,44] for the time discretization.

3.1 The tip endothelial cell motion

After activation/deactivation of the discrete agents in time
step #,, we move each active tip endothelial cell according to
Eq. (4). The velocity magnitude p is a deterministic function
given by Eq. (17) which we evaluate at the center of the tip
endothelial cells. The angles that determine the direction, on
the contrary, are given by the realizations 6, and ¢, of the
random variables ®,, and @, respectively.

We follow the technique used in [62,69] to obtain the

value of the realizations. For the direction & we generate a
random number r with uniform distribution over the interval
[0,1] and divide the unit interval in three sub-intervals. If the
random number falls into the first sub-interval, [0, fj Aty),
then 6, = 6,_1 + § and the tip endothelial cell turns clock-
wise through an angle §; if it falls into the second sub-interval,
[z} Aty, 2vAty), then 6, = 6, — & and the cell turns anti-
clockwise through an angle §; and if the random number
falls into the last sub-interval, (2vAt,, 1], then 6, = 6,
and the tip endothelial cell continues in its current direction.
The realization ¢, is obtained analogously.
Remark Note that equations (7)—(12) impose an upper bound
on the time step At,,, because all probabilities should remain
below one. We think of this restriction as an stability condi-
tion for the time-stepping scheme.

3.2 The coupling methodology

We start by giving some definitions for the domains of the dis-
crete agents, following the ideas of the mathematical frame-
work of this model developed in [73]. Recalling that for any
time step, each hypoxic cell is characterized by its center and
its constant radius, Ry, we can define .wa o as the domain
occupied by the i-th hypoxic cell, which in three dimensions
is a sphere centered at Xf{Y c* Furthermore, we can define the
domain of all the active hypoxic cells for a given time step,

say t,, as

yye(ty) =

U 2

keAyyc(tn)

(20)
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where Ayyc(f,) is the set of indices of the active hypoxic
cells at time ¢,,.
Similarly, for the same time step we define the domain

.QT]E ~(tn) as the spherical domain occupied by the j-th tip

endothelial cell, with radius Ry and center xiEC. Notice
the time dependency of the domain of each tip cell due to
its movement, opposed to the hypoxic-cell domains which
are time-independent and only the set of indices depends on
time, indicating which agents are active. The domain of tip
endothelial cells is given by

Qrpe(tn) = 21

U £2 'i"EC (tn)

1€ A (ty)

where A (f,) is the set of indices of tip endothelial cells at
time #,,. All of the above-defined domains are subsets of §2.

These definitions facilitate the coupling between the dis-
crete components and the continuum variables. Therefore,
we can now overwrite the value of the tumor angiogenic fac-
tor, f (t,—1), and the value of the order parameter, c(#,_1), in
the subdomains 2y (t,) and 2.5 (1), with fiyc and crge,
respectively. Consequently, we would introduce discontinu-
ities in the fields f and c. However, we try to avoid the artifi-
cial inclusion of sharp transitions in the continuous variables,
for it goes against the philosophy of the phase-field equation.
For this purpose we define template functions for fi. and
Crc that are multidimensional generalizations of the analyti-
cal solution to the one-dimensional Cahn—Hilliard equation, a
simplified version of Eq. (2). The template functions are con-
tinuous and introduce smooth transitions between the fields
and the imposed values inside the subdomains of the discrete
agents. As shown below, the discrete counterparts of the con-
tinuous variables f and c live in the finite dimensional space
V" For this reason, the template functions must be projected
onto the same finite dimensional space V" before overwriting
the discretized fields.

3.3 The continuous equations

We begin by considering a weak form of Egs. (1) and (2).
Let V denote the trial solution and the weighting function
spaces, which are assumed to be the same. At this point we
assume free-flux boundary conditions. Equations (1) and (2)
may be recast in variational form by multiplying them with
smooth functions, integrating over the domain, and applying
integration by parts repeatedly. The problem may be stated
as follows: find f, ¢ € V such that Vw, g € V:

ot
Q Q Q

9
+/q8—jd.{2 +/quwch +/AqMA2Ach
2 2 2

/w%dﬂ—i—/VwDVfd.Q—i—/wBuch(c)d.Q

—/qu (f)cH(c)ds2 =0 (22)

2

The space V is a subset of ?, the Sobolev space of square
integrable functions with square integrable first and second
derivatives. To perform the spatial discretization of the previ-
ous weak formulation we make use of the Galerkin method.
Let us define the discrete space V" which is a subset of V.
We approximate (22) by the following variational problem
over the finite dimensional space: find f",c" € V' c v
such that Yw", qh eVh cv:

hafh h h
2 2
h

3

+/thufhchH (ch) a$ +/qha—ctd[2
2 2

+/thMVM(ch)dSZ +/Athk2Achd.Q
2 2

—/qhBP (fh) i (ch) A2 =0

2

Here f" is defined as
Fren =20, fa () Na (%)

where n;, is the dimension of the discrete space V" and
N4 are the basis functions. The key feature of isogeometric
analysis [8,18-20,43], the computational method employed
in this work, is that the typical finite-element piecewise-
polynomial basis functions are replaced with more general
functions frequently used in computational geometry. The
coefficients f4 in Eq. (24) are the so-called control vari-
ables. The rest of the variables of Eq. (23), namely e, wh,
and ¢", are defined analogously to f”. Since we will use a
conforming discretization, the relation V* < V holds and
the discrete functions are required to be in 2. This con-
dition is satisfied by the globally C!-continuous basis func-
tions that we consider in this paper, by means of isogeomet-
ric analysis. In this paper we utilize Non-Uniform Rational
B-Splines (NURBS) [43] as basis functions, which reduce
to B-Splines, in a three-dimensional, cube geometry. For
more details about the resolution of higher-order partial dif-
ferential equations using isogeometric analysis, the reader is
referred to [32,35-37], and for alternative approaches outside
the classical continuous finite element method, the reader is
referred to [6,21,24,63,75].

We integrate in time using the generalized-o method [16,
44]. The generalized-o method is a second-order accurate,
unconditionally A-stable method with controllable high-
frequency dissipation that can be easily implemented within
an adaptive time step framework. All these features make it
a good choice for highly nonlinear problems [9,10,33] such

(23)

(24)
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as that addressed in this paper (for time integrators specifi-
cally designed for phase-field models, the reader is referred to
[34,53]). In addition, we use a time-step size selection algo-
rithm that considerably reduces the computational time. This
algorithm was first proposed in [49] for reaction-diffusion
equations and was then utilized for other mathematical mod-
els, such as in [32]. After space and time discretization, we
obtain a non-linear system which is solved using a predic-
tor multi-corrector algorithm based on the Newton-Raphson
method.

4 Results and discussion

We begin this section with an analysis of the tumor angio-
genesis model. The analysis is performed through two-
dimensional simulations, as the visualization of the patterns
created during angiogenesis is easier in this simplified set-
ting. We show in Fig. 2 various snapshots that capture the
time evolution of the vascular network. In this simulation we
analyze the directionality of the tip endothelial cells, from
the initiation of angiogenesis until the complete oxygena-
tion of the tissue. Then, we present the final patterns of four
two-dimensional simulations in Figs. 3 and 4. One of the
two parameters that determine the biased circular random
walk, namely the rotational diffusivity (D,) and the turning
coefficient (d,), is changed for each pair of simulations. This
enables us to study how the frequency and the amplitude
of the turnings influence the development of the network.
We finalize this section presenting four three-dimensional
simulations of the tumor angiogenesis model. The results
of the simulations are discussed based on Figs. 5, 6, 7 and
videos Online Resources 1—4. In addition, we study through
Fig. 8 the effect of haptotaxis in the model presented in
Sect. 2. To carry out this study, we compare the previous
three-dimensional simulations with the same simulations for
a model that only considers chemotaxis.

4.1 Analysis of the model

The five two-dimensional simulations that we present are per-
formed on the square domain 2 = [0, 300]%. This domain
represents a tissue of 375 x 375 pum, although the periodic
condition imposed in the horizontal direction, allows the vas-
culature to spread further than in a tissue of the mentioned
size. We have used a regular mesh defined by 1282 knot spans
and quadratic basis functions with C!-continuity across ele-
ment boundaries (see [18,43] to understand the basic termi-
nology of isogeometric analysis). In order to facilitate the
comparison among the two-dimensional simulations, all the
initial conditions are the same: a blood vessel at the bottom of
the domain and 200 hypoxic cells randomly scattered on the
extracellular matrix according to a uniform distribution. The

@ Springer

Fig. 2 Formation of a vascular network driven by tumor induced angio-
genesis. 200 hypoxic cells produce tumor angiogenic factor (green) that
promotes the initiation and growth of new sprouts (red). The simula-
tion is performed on the domain §2 = [0, 300]? using the parameters
presented in Sect. 2.4
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Fig. 3 Comparison of the final patterns of two simulations for different
values of the rotational diffusivity: 1000 % (left) and 10 % (right) of
D,.. The remaining parameters and conditions of the simulations are the
same as those in Fig. 2. Tip endothelial cells constantly change their
direction for high values of the rotational diffusivity and do not change
it for low values

Fig. 4 Comparison of the final patterns of two simulations for different
values of the turning coefficient: 200 % (left) and 10 % (right) of d,,. The
remaining parameters and conditions of the simulations are the same
as those in Fig. 2. The higher the values of d,, the better tip endothelial
cells reorient towards hypoxic cells

radius of the initial vessel is set to 37.5 pm. The first snap-
shot of Fig. 2 shows these initial conditions, where the red
color represents the capillary and the green color represents
the tumor angiogenic factor. This color code is maintained
for the remaining figures and videos.

Figure 2 shows the initiation and evolution of a new vascu-
lar network promoted by an avascular tumor, represented here
by its hypoxic region. The simulation uses the parameters of
the model presented in Sect. 2.4. At the beginning of the simu-
lation, the 200 hypoxic cells start to release tumor angiogenic
factor, which diffuses throughout the domain. The angiogen-
esis process is initiated when the factor reaches the initial
vessel at the bottom of the domain, with enough quantity to
activate a tip endothelial cell. Thus, in the second snapshot
of Fig. 2 we observe that one tip endothelial cell has become
active and has started its migration. At this moment, there is
only one of these cells because, the cell itself prevents the
differentiation of the surrounding cells into the tip endothe-
lial cell phenotype. The other cells stimulated by the tumor
angiogenic factor, instead, attain a proliferative phenotype,
generating the capillary behind the tip endothelial cell. How-

ever, as the leading cell moves away, new tip endothelial cells
get activated, for the delta-like ligand 4 released by the first
tip endothelial cell does not reach them anymore. Hence,
more sprouts are created and the vascular network spreads.
As the network grows, it consumes tumor angiogenic factor
and returns the hypoxic cells into their normoxic condition,
as shown in the remaining snapshots.

In this simulation we can study the movement of tip
endothelial cells. Although the global migration of the lead-
ing cells is governed by the gradient of the tumor angio-
genic factor, we observe in the simulation how tip endothe-
lial cells turn and reorient towards this gradient. This phe-
nomenon, introduced by the biased circular random walk
in the mathematical model, represents our simple concep-
tualization of haptotaxis. The variation of gradients of non-
soluble molecules bounded to the extracellular matrix hin-
ders the movement towards hypoxic cells. Tip endothelial
cells find their chemotaxis-driven migration obstructed by a
scarcity of non-soluble molecules, so they eventually alter
their direction of migration. Additionally, the turns allow the
cells to better detect the changes in their micro-environment,
as they explore a broader area when they turn. In Fig. 2, sev-
eral of these turning events are highlighted. For example, in
the fifth snapshot (third row, first column) we distinguish a
zigzag movement of various tip endothelial cells. This kind
of short-angled, high-frequent turns only affect the direction
of the capillary growth and do not create zigzag final patterns,
for the undulating morphology is afterwards eliminated by
the local remodeling of the phase-field equation. When the
direction is maintained for a large time because the gradient
of non-soluble molecules of the extracellular matrix favors
one direction, tip cells do not reorient and the capillaries
deviate from their supposed objective (the hypoxic cells).
In these cases, the final pattern of the vasculature is signifi-
cantly altered, as in the sixth snapshot where the highlighted
tip endothelial cell turns left although a hypoxic cell is just
above it. The previous set of examples shows, as observed in
experiments, the relevant role of haptotaxis in the patterns of
the vasculature after an angiogenesis event.

In this mathematical model, anastomosis events can occur
for two reasons. The first one, also considered in the model
without the biased circular random walk, is the distribution of
hypoxic cells. In this case, tip cells grow towards the gradient
of angiogenic factor and they mainly anastomose at the loca-
tion of the hypoxic cells. The second cause of anastomosis
is the new physics that we added to the model: haptotac-
tic migration. Anastomosis events occur more frequently in
our model because tip endothelial cells alter their direction
of migration and come across another endothelial cell. One
example is in the highlighted area of the seventh snapshot
where two capillaries turn towards the initial vessel produc-
ing anastomosis, although the hypoxic cell is in the other
direction. We can see there that anastomosis events are not
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Fig. 5 A new vascular network develops from two parent capillaries.
The new sprouts are initiated by the tumor angiogenic factor (green
isosurfaces) released from hypoxic cells disposed forming a tumor-like
structure. The tip endothelial cells that lead the growth of the sprouts
migrate by chemotaxis and haptotaxis. At the end of the simulations

determined by the location of hypoxic cells, but also depend
on haptotaxis. In addition, there are more anastomoses than
there would be in an identical simulation of the model with-
out the circular biased random walk incorporated (results not
shown).

Figures 3 and 4 allow us to further investigate in two
dimensions how endothelial cells migrate under different val-

@ Springer

the vasculature pervades the tumor, leaving no cells under hypoxic con-
ditions. Many anastomosis events create loops in the new vasculature
and connect the parent capillaries. The simulation is performed on the
domain £2 = [0, 300] using the parameters presented in Sect. 2.4

ues of two of the parameters that define the biased random
walk, namely the rotational diffusivity D, and the turning
coefficient d,,. We maintain the remaining parameters and
initial conditions equal to those in the simulation of Fig. 2,
for the sake of an easier comparison. Thus, for the two simu-
lations in Fig. 3 we alter the value of the rotational diffusivity.
In the simulation on the left-hand side the value of the para-
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Fig. 6 Evolution of a vascular network promoted by hypoxic cells mimicking a multifocal tumor. Three sets of sprouts grow from the initial
capillaries until there are not hypoxic cells. The simulation is performed on the domain 2 = [0, 300]> using the parameters presented in Sect. 2.4

meter is 1000 % of D, and in that of the right-hand side,
it is 10 % of D,. The final patterns of both simulations are
drastically different. In the first one, since the rotational dif-
fusivity is increased, the frequency at which the turns occur
is too high for tip endothelial cells to lead the capillaries
towards the hypoxic cells following a smooth curve. This
may be interpreted as a vascular network developing within
an extracellular matrix with very low concentration of non-
soluble molecules or focal adhesion sites. The tip endothelial

cells in this situation wander in small regions, trying to find
a migration path. In contrast, in the second simulation, the
low value of the rotational diffusivity almost impedes the
tip endothelial cells to deviate from its original trajectory. In
this case, the distribution of the non-soluble chemoattractants
or of the focal adhesion sites may be thought of as strongly
biased in some preferential directions. The resulting capillar-
ies are highly tortuous in the first simulation and too straight
in the second.
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Fig. 7 Formation of two vascular networks with disguising character-
istics. The capillaries in the first simulation (the three snapshots in the
upper row) promoted by 200 hypoxic cells are thinner than those in the

In Fig. 4, in the simulation on the left-hand side, the value
of the turning coefficient is 200 % of d,, and in that of the
right-hand side, itis 10 % of d,,. When the value of the turning
coefficient is high, the ability of tip endothelial cells to reori-
ent towards the preferred direction at each turn is increased,
while when it is low, for the same value of the rotational diffu-
sivity, the reorientation is hindered. We observe in the figure
that the tip endothelial cells on the left-hand-side simulation
tend to go rapidly towards the hypoxic cells, compared to
the simulation on the right-hand side. The reason is that the
bias of the random walk is increased on the left-hand-side
simulation, so the chemotatic direction is highly favored. In
addition, the higher the value of the turning coefficient the
lower the number of anastomoses that are not promoted by
the distribution of the hypoxic cells.

4.2 Three-dimensional simulations

The numerical method developed in Sect. 3 permits us to per-
form three-dimensional simulations of our tumor angiogene-
sis model. All the simulations are performed on the computa-
tional domain 2 = [0, 300]3, which represents a cube with
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_?% y

second simulation (bottom row), which are promoted by 100 hypoxic
cells. In addition the first vasculature is composed of a higher number
of capillaries

side length 375 um. We use quadratic basis functions and
a uniform mesh defined by the tensor product of open knot
vectors, each composed by 72 knots. The boundary condi-
tions are no-flux conditions in all the directions, except in the
direction parallel to the axis of the initial capillaries, where
the domain is periodic. Therefore, as in the two-dimensional
simulations, we allow the capillaries to spread in the men-
tioned direction forming more connected patterns.

4.2.1 Angiogenesis triggered by a cluster of hypoxic cells

Here, we analyze two simulations (Figs. 5, 6 and Online
Resources 1 and 2), showing four snapshots of the dynamic
evolution of the vasculature. The first snapshot of each sim-
ulation represents the initial conditions, while the rest are
snapshots of relevant situations during the development of
the vasculature.

The simulations differ from each other in the initial con-
ditions, while all the parameters are kept constant and equal
to those described in Sect. 2.4. For both simulations, we set
two initial capillaries, rectilinear and parallel, which traverse
the domain from one face of the cube to the opposite, being
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Fig. 8 Influence of haptotaxis in angiogenesis. Left column Four sim-
ulations (corresponding to Figs. 5, 6, 7), but assuming no haptotactic
migration. Right column The same four simulations (identical parame-
ters and initial conditions), but including haptotaxis in the model. The
patterns of the vasculature differ in tortuosity, number of anastomosis
events (connectivity) and length of the capillaries

the axis of the capillaries perpendicular to both faces. This
configuration allows angiogenesis to be initiated in both cap-
illaries and increases the number of anastomoses. The initial
diameter of the capillaries is constant and equal to 12.5 pm,
in accordance with the data from the literature [68]. The dif-
ference in the initial conditions comes from the distribution
and number of hypoxic cells. In the first simulation (Fig. 5),

we set 200 hypoxic cells with locations that follow a normal
distribution and mimic a tumor centered in the domain. In
the second example (Fig. 6), we set 300 hypoxic cells that
aim to represent a three-focus tumor.

In Figs. 5 and 6, we observe the initiation and develop-
ment of two vascular networks driven by the presence of
hypoxic cells disposed in tumor-like structures. In both sim-
ulations, the tumor angiogenic factor, represented by green
isosurfaces, diffuses from hypoxic cells until it reaches the
initial capillaries. At that moment, new capillaries are initi-
ated in the regions where hypoxic cells are closer to the initial
capillaries.

In the first simulation (Fig. 5), new sprouts appear first in
the upper capillary and they grow forming a network while
they consume the tumor angiogenic factor. Meanwhile, the
factor reaches the other capillary and several tip endothelial
cells become active and start its migration. Both networks
continue growing, turning hypoxic cells into normoxic on
their way. Towards the end of the simulation, both networks
get connected through various anastomoses, allowing the
blood to flow between the two main capillaries. The vir-
tual tumor at the center of the domain is now completely
pervaded by tortuous capillaries that may trigger the uncon-
trolled growth of the tumor.

In the second simulation (Fig. 6), the tumor angiogenic
factor activates tip endothelial cells in three regions of the
initial capillaries in a short time span, as shown in the sec-
ond snapshot of the simulation. Thus, the three groups of new
sprouts grow at a similar rate and almost at the same time. The
third snapshot of the simulation shows a plain example of the
effect of the biased circular random walk. In the set of sprouts
that grow from the upper initial capillary, there are three of
them which are led by tip endothelial cells that instead of
migrating towards the hypoxic tumor regions grow towards
the observer. As shown in Sect. 4.1, in two-dimensional set-
tings this migration driven by haptotaxis usually leads to
anastomosis events. However, in three dimensions the prob-
ability of a tip endothelial cell coming across a capillary is
significantly smaller. As shown in the last snapshot, in this
specific case, the three sprouts just stop their growth when
there is no more angiogenic factor without anastomosing the
two main capillaries.

In all the examples the simulation ends when there is no
more tumor angiogenic factor, i.e. no more hypoxic regions
are present in the domain. This model does not account nei-
ther for the vascular shutdown produced by the high inter-
stitial pressure inside the tumor, nor for the characteris-
tic capillary regression and regrowth (vascular remodeling)
after the shutdown events. We think that this is the rea-
son why when both simulations are compared to in vivo
tumor images one may observe differences in the patterns
(see Fig. 1 in [45] where some tumors present hypoxic
regions).
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4.2.2 Angiogenesis triggered by randomly distributed
hypoxic cells

In Fig. 7 and Online Resources 3 and 4, we present two
simulations (top and bottom of the figure) whereby we can
analyze the influence of the number of hypoxic cells when
they are randomly distributed. The initial distribution of cap-
illaries is identical to that of the previous examples. On the
snapshots of the initial conditions (left-hand-side column of
Fig. 7) the position and number of hypoxic cells is revealed
by the isosurfaces of the tumor angiogenic factor: 200 for
the first simulation (top) and 100 for the second (bottom).
As shown on the remaining snapshots, the difference in the
number of hypoxic cells promotes the creation of vascular
patterns with distinguishing characteristics. There are two
main differences, noticeable by simple observation: the thick-
ness and number of capillaries. Both differences are inti-
mately related. For example, in the first simulation, more
hypoxic cells initiate more capillaries which consume the
tumor angiogenic factor in a high-rate manner. They leave
less tumor angiogenic factor per branch for the proliferation
of the stalk endothelial cells, and, consequently, the capillar-
ies are thinner. Nevertheless, in the second simulation, as less
sprouts appear, each branch has more angiogenic factor and
more stalk cells proliferate, enlarging the capillaries. Another
difference is in the time of initiation of new branches, being
shorter for the first simulation. In the second, the branching
is delayed due to a lower number of hypoxic cells, which
in turn, leads to a lower concentration of angiogenic factor,
and delays the initiation of new sprouts at the beginning. As
the network evolves, initiation events occur more and more
frequently because the tumor angiogenic factor has enough
time to diffuse throughout the extracellular matrix.

4.2.3 Importance of haptotaxis

In Fig. 8 we present four pairs of numerical simulations at
an advanced time stage of the network development, each
pair corresponding to one of the rows of the figure. In the
snapshots on the left-hand side we present the same numer-
ical simulations we described in the previous sections (and
in the same order), but considering no haptotactic migration.
Each of these simulations has an associated simulation pre-
sented on the right-hand side of the figure, which represents
exactly the same setting and conditions that its left-hand-side
counterpart, but considering haptotaxis in the model.

We omitted the representation of the tumor angiogenic
factor, in order to focus on the different vascular morpholo-
gies generated by the original model [72] and our model.
We observe that the growth patterns are dissimilar in various
aspects. The most prominent difference is the tortuosity of
the sprouts. Thus, in the simulations of the extended model,
tip endothelial cells randomly deviate from the path marked
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by the gradient of angiogenic factor and create more tortu-
ous capillaries. In contrast, in the simulations on the left-hand
side, the tip endothelial cells go directly towards the hypoxic
cells resulting in straighter capillaries. The second observable
difference is that the number of anastomoses is higher in our
model, leading to more connected vasculatures. This leads
to a third fundamental difference between the morphology
of the networks of both models: the capillaries are shorter in
the proposed model because their growth is stopped by anas-
tomosis. Note that these dissimilarities between the models
are clearer in the three-dimensional settings than in the two-
dimensional ones.

5 Conclusions and future work

Tumor-induced angiogenesis is a complex biological phe-
nomenon and our understanding of itis still limited. However,
itis widely accepted that the migration of tip endothelial cells
during the growth of new capillaries is driven by three migra-
tion mechanisms: chemotaxis, haptotaxis and mechanotaxis.
In this paper, we coupled an existing continuum theory with
arandom walk model, to develop a generalized mathematical
model that accounts for chemotaxis and a simple modeliza-
tion of haptotaxis. We also proposed accurate and efficient
algorithms to approximate the solution to the model.

Our model and algorithms provide a framework to perform
in silico three-dimensional experiments and to study the role
of haptotaxis and its interaction with chemotaxis in angio-
genesis. Our results indicate that haptotaxis may have a sig-
nificant impact in the final pattern achieved by capillary net-
works. The three-dimensional computations presented in this
paper also suggest that, for mathematical models to achieve
the topological complexity observed in in vivo angiogen-
esis experiments, two-dimensional simulations may not be
enough. We also believe that the accurate modeling of anas-
tomosis, a crucial process in tumor angiogenesis, may require
full-scale three-dimensional simulation.

As future work, we believe that a robust and automated
quantitative method is needed both for the analysis of math-
ematical models of angiogenesis and for model validation.
We also plan to extend the model to include mechanotaxis
and vascular remodeling.
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